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Abstract

S

pectrum estimation has many applications in digital signal processing. Parametric models for
spectrum estimation include AR model, MA model, and ARMA model. Normally, classic
methods such as Durbin-Levinson or Burg method are used to calculate parameters of AR
model. Clearly, there is a distance (error) between spectrum estimated using these algorithms
and the actual signal spectrum. In this paper, Particle Swarm Optimization (PSO) method is used to
reduce this error. Results show at least 40% improvement in decreasing error of estimated all-pole
spectrum in comparison with classic spectral estimation methods.
Keywords: Spectrum Estimation, Linear Prediction, Particle Swarm Optimization, Global
Optimization, AR model, Durbin-Levinson method, Burg method.

1. Introduction
The main goal of all-pole spectrum estimation of a signal is to model the signal spectrum by using
some resonators (poles) such that the number of parameters of all-pole model would be much less
than the number of original signal samples. The all-pole model is also known as linear prediction
model. By reducing the number of system parameters, the obtained model can also be used for the
purpose of signal compression. Spectrum estimation methods are classified into two general
categories of parametric and nonparametric. Nonparametric methods make use of advantages
provided by Fourier Transform. However, frequency resolution of these methods is low for smalllength data. In contrast, parametric methods can provide high frequency-resolution as well as
appropriate computational efficiency and spectral leakage avoidance [3]. With respect to the
limitation of nonparametric methods, parametric methods including AR (Autoregressive), MA
(Moving Average), and ARMA (Autoregressive Moving Average) model have received much attention.
In the AR model, it is assumed that observed data are produced by the system expressed by the allpole filter equation (Eq. (1)):
(1)

Where x(n) is output, and u(n), named input, has Gaussian distribution (normal) with zero mean and
unit variance and shows properties of white noise. b0 is the gain coefficient of the system and
coefficients ak and P represent its parameters and order of the AR system, respectively. Model
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parameters are obtained by solving a set of linear equations with respect to minimizing mean
squared errors across all data ([8], [6]).
MA model is expressed by Eq. (2) where bk and Q represent model parameters and order,
respectively, and u(n) is assumed as in the AR model. This filter is called all-zero [8].

(2)

ARMA model is obtained by combining AR and MA models and is expressed by Eq. (3). This filter
employs poles and zeros of the both above models [6].

(3)

There is a distance (error) between the spectrum estimated using this methods and the actual
spectrum of signal. A good spectrum estimation method seeks to achieve the lowest possible error or
the minimum distance between Fourier spectrum of signal and the spectrum of the model.
Some of the well-known classic methods usually used for estimation of the all-pole model
parameters include autocorrelation-based methods (e.g. Durbin-Levinson’s method) and covariancebased methods (e.g. Burg’s method). Despite having some drawbacks, each of these methods has an
appropriate computational order [5].
Many studies have been done to reduce this error. For example, in the algorithm proposed in [2],
calculations of covariance method are improved, and the results show enhanced spectral leakage
and bias due to covariance method.
Poles of the AR model are obtained through model parameters. In the approach presented in [7],
the poles of model are obtained directly from frequency-domain samples, and model parameters are
calculated using poles. The results show that no spectral leakage occurs, and the poles of the model
have a better stability.

2. AR model
In the time domain expression of the AR model, the current signal sample is equal to the linear
combination of P previous signal samples plus an additional error term (Eq. (1)). In the frequency
domain, the spectrum of the signal is parameterized using an all-pole model (AR) of the order P and
is defined as the transfer function H(z) as follows:

(4)

Without loss of generality of the problem, in some references, a0 is assumed equal to 1, however,
such an assumption is not made in this paper. In this model, x(n) signal is equal to a linear weighted
combination (linear prediction) of previous samples of the same signal and an input signal u(n), which
is presented by the following difference equations:
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(5)

(6)

(7)

(8)

(9)

In the above equations, xˆ(n) is an approximation of the x(n) signal obtained using Linear
Prediction method.
Linear Prediction error, E, is defined as follows:

(10)

(11)

(12)
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Indeed, gain coefficient, b0, and linear prediction coefficient, ak, should be estimated such that
the error, E, is minimized. Finally, the error function can be calculated relatively by the following:

(13)

3. Particle Swarm Optimization
Particle Swarm Optimization (PSO), similar to the other population-based global optimization
algorithms (metaheuristic algorithms), is initialized by creating a population of random solutions.
Each particle moves around in the solution space with a velocity which is tuned up based on the
particle and population experiences. The location and velocity of a particle is calculated using the
following:
In the equations (14) and (15), vit is the velocity of the i-th particle in iteration t, coefficient w is
the inertial weight (its initial value was set to 1 in this paper), xit is the particle location in iteration t,
t
pbit is best location of the i-th particle until iteration t (personal best position), and gb is the best

location of all particles until iteration t. Coefficients c1 and c2 are the constants of the problem, which
specify the relative impact of personal-best particle and the impact of global best particle, and their
value is assumed equal to 2 in this paper. Also, u1 and u2 are two random numbers with a uniform
distribution in [0,1] interval.
vit + 1 = w.vit + c1u1t (pbit - xit ) + c2u2t (gbt - xit )

(14)

xit + 1 = xit + vit + 1

(15)

Particle swarm optimization algorithm operates as follows:
Initial values for velocity and location of particles are assigned randomly.
Repeat the following steps until the desired solution is achieved:
Calculate the objective function for each particle; if the objective function value of a particle is
better than its pb value, then pb is set as the current value of the objective function; if pb value
of that particle is better than the global best (gb), then the global best is set to pb.
Update the velocity and location of each particle.
Decrease inertial weight.
The value of objective function in this problem is, in fact, equal to the negative relative distance
between Fourier Spectrum of signal and all-pole spectrum of signal, and the Location of particle is
also equal to the parameters set of the linear prediction model (i.e. ak and b0).

4. Implementation and Experiment Results
In this paper, Particle Swarm Optimization (PSO) algorithm is used to estimate all-pole modelbased parametric spectrum so that the spectrum estimation error is minimized. In order to generate
more accurate results, one file of male voice and one file of female voice with the length and
sampling frequency of about 10 seconds and 16000 Hz, respectively, were selected from FarsDat
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Persian speech database. Each file was divided into overlapped frames of 32 ms length. Each frame
was considered to have 512 sample length and 128 sample shift. Then, the parametric AR all-pole
spectrum of each frame was estimated using Durbin-Levinson’s method of the order 12, followed by
the Burg’s method of the order 12 (using MATLAB toolbox instructions). Also, AR model parameters
were further re-estimated using PSO optimization algorithm in each method, such that the spectrum
estimation error was decreased. Finally, the spectrum obtained by the classic methods was
compared with that obtained using PSO optimization.
The number of particles was considered as 50 in the implementation of Particle Swarm
Optimization algorithm. The initial location of one of the particles (primary particle) was assigned to
the value obtained from either Durbin-Levinson’s or Burg’s method. Other particles locations were
determined randomly in the space near the primary particle. The initial velocity of particles was
assigned randomly. The number of algorithm iterations was set to 600 experimentally. The initial
value of inertial weight was assumed to be 1, which was linearly decreased in each iteration until the
final value of 0.4 was considered for it. Constant accelerators, c1 and c2 was also assumed equal to 2.
Table 1: Relative errors for parametric AR spectrum estimation using classic and PSO methods.

Classic Burg’s method

Classic Levinson’s method

Female voice

Male voice

Female voice

Male voice

Mean estimation error in classic method

94.9٪

95٪

94.8٪

94.9٪

Mean estimation error in PSO method

53.6٪

56٪

53.4٪

55.7٪

Improvement of PSO method compared to
classic method

43.5٪

41٪

43.7٪

41.3٪

4-1. Results
The simulation results are given in Table 1. As it can be seen, application of PSO algorithm
improves estimation error at least 41%, while the computational complexity of this algorithm is more
than that of the classic methods for AR model estimation.

(a) Male voice
(b) Female voice
Figure 1: The log-spectrum of a vowel speech frame (solid line), estimated AR spectrum using Levinson’s
method (dashed line), and estimated AR spectrum using PSO method (dash-dotted line).
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Fig. 1 shows the logarithm of the Fourier spectrum of a vowel frame, and the logarithm of the allpole spectrum obtained by Durbin-Levinson’s method and PSO method. In Fig. 2, the logarithm of
Fourier spectrum of the same vowel frame and the logarithm of all-pole spectrum obtained by Burg’s
method and PSO method is observed. As it can be seen, the accuracy of spectrum estimation by PSO
method is considerably improved compared to the classic methods. One of the drawbacks of classic
methods is their error in estimation of gain b0, which is largely eliminated using PSO method.
Perhaps, one reason for the good performance of the PSO method in spectrum estimation is that the
number of problem parameters is not so high, and, for example, it is equal to 13 in AR model of
speech signal and in this paper P+1.

(a) Male voice

(b) Female voice

Figure 2: The log-spectrum of a vowel speech frame (solid line), estimated AR spectrum using Burg’s method
(dashed line), and estimated AR spectrum using PSO method (dash-dotted line).

Conclusion
Classic methods for parametric all-pole signal spectrum estimation cannot reach the global
optimum (minimum) error. In this paper, the PSO metaheuristic method was used for estimating
parameters of all-pole model of speech signal. Results obtained from male and female voice show
that the all-pole spectrum estimation error of PSO method is considerably decreased compared to
both Durbin-Levinson’s and Burg’s classic methods. However, the amount of calculations needed
when using PSO method for estimating spectrum are much higher than the calculations required
when using classic methods, and thus, utilizing this method in real-time applications becomes
impossible and a solution must be found for this problem. Spectrum estimation using PSO method in
real-time might be achieved using parallel and general-purpose hardware like GPU.
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