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Abstract 

his study attempts to investigate the motion and interaction of two co-axial bubbles in viscous fluid 
in vertical rectangle. A Shan and Chen-type multi-component multiphase lattice Boltzmann 
method (LBM) is applied to simulate the behavior of bubble–bubble interaction. The 

computational method was validated by considering two tests: Laplace law and shapes of rising bubbles.  

The results show that good agreement with numerical and experimental data. Deformation and 
coalescence of two equal and unequal rising bubbles for different Eotvos and Morton numbers are 
investigated.  
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1. Introduction 

 

Two-phase flow situations are of major importance in industrial applications such as ink-jet printing [1, 

2], spray cooling [3, 4], carbon sequestration [5], soil-vapor extraction [6–8] and nuclear waste 
management [9, 10]. Buoyant rise of bubbles under gravitational force has been a common area of interest 
in typical equipment that employs bubbly flows, such as the bubble column, centrifuges in the 
petrochemical industry and the three-phase fluidized bed. All these phenomena and processes involve 
bubble–fluid and bubble–bubble interaction. The motion and interaction of bubbles in a fluid has been the 
research focus not only for academic interest but also for engineering application for a long time [11-13]. 
The interaction between bubbles could remarkably affect not only the shape, velocity, and distribution of 
the bubble, but also, as the result of bubble collisions, coalescence or breakup can take place. 

A number of experimental investigations have conducted to a good understanding of the bubble motion 
in liquids. The observations by Haberman and Morton [13], Hnat and Buckmaster [15] and Bhaga and 

Weber [16] showed the characteristics of a single rising bubble, in terms of the bubble shape and terminal 
velocity. Grace et al. [11] has shown the effect of three non-dimensional numbers, Reynolds, Eotvos and 

T 

Received Date: Dec.0 1, 2014 

Accepted Date: Mar. 29, 2015 

Available Online: Apr. 19, 2015 

mailto:َatena.ghaderi@gmail.com


 
2187 

 

International Journal of Mechatronics, Electrical and Computer Technology (IJMEC) 
Universal Scientific Organization, www.aeuso.org 

Morton numbers, on the shapes and velocities of bubbles rising in quiescent viscous liquids and 
condensed the data into one diagram.  

Also, Brereton and Korotney [16], Manga and Stone [17] and Maxworthy et al. [18] studied the 
interaction and deformation of multiple bubbles rising in different liquids. 

Bhaga and Weber [16] experimentally studied the free rising of bubble in Newtonian viscous fluid. 
Their research has provided almost complete information in terms of both bubble shape and rise velocity 
and shown the relationship of Eotvos number with Reynolds number for a wide range of Morton numbers. 

Different numerical methods have been developed to simulate multiphase flow to deal with the motion 
and deformation of liquid–gas interface and the topology change. Conventionally, the multiphase and 
multi-component flows are simulated by solving a set of Navier–Stokes (N-S) equations coupled with an 

equation to track or capture the interface. Among the approaches, volume of fluid method (VOFM) [20], 
level-set method [21] are applied extensively. However, it is proven that there are some numerical 
difficulties in treatment of topological change while interface breaking and coalescing duo to the inherent 
difficulty in tracking the fluid interfaces, mass conservation, and the correct treatment of the surface 
tension forces [22]. In the recent years, the lattice Boltzmann method (LBM) has emerged as an attractive 
computational approach for simulating multiphase fluid flows (for more information about LBM, see [23-
27]. 

In LBM, the interfaces in different shapes occur naturally without having to be tracked as in averaged 
Navier–Stokes equations. This type of representation would encompass the various bubble regimes. Thus, 
it is important to focus on the fundamental understanding of the flow topology around single bubbles and 

the coalesced bubbles and rely less on empirical correlations or closure relations for the averaged Navier–
Stokes equation. In the literature, several popular multiphase models have been proposed for modeling 
multiphase flows in LBM: the color model [28], the Shan−Chen model [29] and the free-energy model 
[22],  and He et al.’s [30] model.  

Anwar investigated buoyant rise of bubbles using the lattice Boltzmann method (LBM) based 
Gunstensen’s color model. He revealed a set of results from numerical simulations to demonstrate the 
ability of the proposed approach to simulate rise of single and multiple bubbles. Co-axial and oblique 
coalescence of two gas bubbles are simulated and compared against the experimental data [31]. Cheng et 
al. presented the results obtained from three-dimensional numerical simulations of multiple bubbles rising 
under buoyancy in a quiescent viscous incompressible fluid [32]. He used a lattice Boltzmann method, 

based on the free-energy model, to simulate the behavior of bubble–bubble interaction while rising in the 
fluid.  The effects of the density ratio and the initial bubble configuration on the flow field and on the 
evolution of bubble shape during their coalescence are investigated.  

The interparticle potential model proposed by Shan and Chen [29] is the most widely used multiphase 
LBM model due to its simplicity and versatility. In this model, a non-local interaction between the 
particles at each lattice site is used. 

Sankaranarayanan et al. [33] used the Shan and Chen multiphase models to simulate bubble dynamics 
for a density ratio of 100. A non-ideal equation of state is generally assumed in this model to implement 
the interfacial surface tension, and an external forcing term was used to implement buoyancy effect in the 
multiphase flow model. 

As can be seen from the above statement, for bubble, most of the existing researches were focused on a 
bubble rising or two bubbles interaction and coalescence generally in a specific Eo number. To our 
knowledge, the study about interaction and coalescence of bubbles, especially for different Eo and Mo 
numbers remains insufficient.  

This paper is organized in two major sections. In the first, the computational method was validated by 
considering two tests: (i) Laplace law for static bubble is performed; (ii) the shapes of bubbles rising in 
quiescent liquids are compared with data taken from the bubble diagram of Grace. Secondly, deformation 
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and coalescence of two equal and unequal sizes of rising bubbles for different Eotvos and Morton 
numbers are investigated using LBM. 

 

2. Methodology 

 

In this section we present the details of the numerical algorithms based Lattice Boltzmann method. We 
employ the Shan-Chen model [29] for multi-component multiphase system. In this work, we use the two-

dimensional, nine-speed, phase-space discretization model, D2Q9, for the discrete velocity space (see Fig. 
1). 

 
Figure 1:  Discrete velocity vectors for the D2Q9 model for 2D LBM 
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In above equation, ci is the particle velocity vector and the subscript i is the velocity direction. For the 
D2Q9 model, they are given by: 

1 2 3 4 5 6 7 8

0 1 0 1 0 1 1 1 1
[ , , , , , , , ]

0 0 1 0 1 1 1 1 1

   
  

   
c c c c c c c c

                                               (3)  

Where / 3sc c is the lattice speed of sound in lattice scale, wi is the weighting factor, with wi = 4/9 

(α = 0), wi = 1/9 (i =1–4) and wi =1/36 (i =5–8). Here, c is the lattice velocity, and for simplicity, it is set 
as unity. 

In the multi-component model proposed by Martys and Chen [34], the macroscopic velocity (uσeq ) is 
given by: 
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Where u is the common averaged velocity of all the fluid components defined as: 
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In the Shan and Chen model,  Fσ is the total force acting on the σth component, including the 

interactions between multiple fluid components, 


fF , interactions between fluid phase and solid phase, 



sF and gravity force, 


gF .  

     f s gF F F F
                                                                          (6)  

 

The fluid–fluid interaction is defined in Eq. 7 by only considering coupling interaction between the 
nearest neighbors and the next-nearest neighbors [29]. 

( ) ( )  
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Where ψσ is interaction potential of components σ which depends on local particle density, and it is 

assumed to be the local density ρσ in this study and G  is the interaction strength between two 

components σ and  ,which controls the fluid–fluid interaction strength.  

Separate forces should be calculated for each phase to account interaction between a fluid component 
and a solid phase, it can be computed as follows [34, 36]: 

( ) ( )     s ads i i t i

i

F x G w S x c c                                                       (8)  

Where S(x+ciδt)=1 for a wall node and is 0 for a fluid node. The interaction strength between each 
fluid and a wall can be controlled by the parameters Gads. In general, Gads, should be positive for 
nonwetting fluid and negative for wetting fluid [34, 36-37]. 

External body force, such as gravitational force can be simply introduced as: 

g appliedF g                                                                          (9)  

 

Where gapplied is gravitational acceleration. 
 

3. Numerical validation 

 

In order to validate the computational method, two tests are considered: Laplace law and shapes of 
rising bubbles. 

3.1. Laplace low: 

 

According to Laplace law the pressure difference across the interface of a static bubble is related to the 
surface tension. In order to verify the Laplace, a bubble is located in the center of computational domain 
with the size of 100 × 100 lattice units. The domain boundary used periodic boundary conditions. The 
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surface tension between two immiscible fluids was evaluated by the following expression which gives the 
relationship between the radius and pressure difference [38]: 


   in outp p p

R                                                                        (10)  

 
The change of pressure between the inside and outside of the bubble with the inverse of bubble radius 

for simulation result is presented in figure 2. The surface tension is calculated as the slope of the 
dependence of ΔP on 1/R. 

As shown in Fig. 2, the linear relationship between ΔP and the inverse of the bubble radius confirms 
a constant value of the surface tension so the results of this simulation present a good agreement with 
the Laplace’s law.  The slope of the linear line is obtained as 0.306. 

 

Figure 2:  Verification of Laplace law. Pressure difference between the inside and the outside of a series of 

bubbles as a function of inverse bubbles radius with linear fit of the points. 

 

The computational parameters are set as follows: ρl = 2, ρg = 1, and the bubble diameter is set as 25. 
Figure 3 shows the density profile along the centerline of a static bubble, as indicated the density ratio 
=2 and R=25 lattice units. 
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Figure 3:  Density profile along the centerline of the bubble. The lighter Liquid (bubble fluid) is surrounded by 

the heavy fluid. 

 

3.2. Comparison with the bubble diagram of Grace: 

 

In recent years, various experimental simulations have been applied to study the bubble rise behavior. 
Grace [11] simulated a large body of experimental data on shapes of bubbles in viscous liquids. These 
data can be condensed into one diagram. A copy of this diagram, is reproduced in Fig. 4 

To verify my LBM results, shapes of bubble with different dimensionless parameters were compared 
with the corresponding data obtained from the bubble diagram published by Grace. 

Different non-dimensional groups, Morton (Mo), Eotvos (Eo) and Reynolds, that governing the 
behavior of the bubble are: 
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 Bubbles are initially spherical, and external forces are taken into consideration after several time steps 
of computation. The buoyancy force is added in the bubble area and body force in the opposite direction is 
added in the liquid.  

Figure 4 shows the shape regime diagram published by Grace and simulation of bubbles for different 
characteristic dimensionless parameters listed in Table 1.  In Fig. 5 snapshots are given of the computed 
shapes and stream line of the bubbles. The simulations show that the model is able to qualitatively predict 
the shapes of rising bubbles at different regimes of bubbles for different characteristic dimensionless 
parameters listed in Table 1. A large wake region is observed with high deformation in Eo=10. 

 

 

 

 

 

Table 2:   Conditions for the Bubble Shape Simulation 

Case Eo Mo Shape 

1b 1 10-5 spherical 

2b 5 5×10-5 Ellipsoidal 

3b 10 1×10-4 Ellipsoidal 
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Figure 4:   Simulation of bubble shapes in comparison with the shape regime diagram of Clift et al.[11]for 

bubbles rising under gravity. 

 

      

             Case1b                                                    Case 2b                                                        Case 3b 

Figure 5:  Computed bubble shapes and stream line for the bubble regimes indicated in Table 1 and Fig. 4. 

 

 

 

 

4. Result: 

 

In this study numerical observations of interactions between two gas bubbles rising in an initially 

quiescent liquid are presented. Deformation and coalescence of two equal and unequal rising bubbles for 
different range of Eotvos and Morton numbers are investigated to compare with the correlation. 
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Simulations were conducted for two different Eotvos numbers (Eo =1 and 10) and 2.75 × 10-6 ≤ Mo ≤ 
2.73 × 10-. ρl is set as 2, and ρg is set as 1. The computational domain is 3 times greater than the bubble 
diameter and the length of computational domain is 10 times greater than the bubble diameter. Initially, 

the distance of two bubbles is 1.5 times greater than the bubble diameter. Periodic boundary conditions are 
imposed at the top and bottom, and bounce-back boundary conditions are imposed to the left and right 

The results on bubbles coalescence reveal that there is a big difference in shape between the leading 
and trailing bubble. The goal of this study is to capture these differences to better understand the 
coalescence characteristics. 

In order to study the wake effect of the leading bubble on the trailing bubble, we first consider results 
of snapshots at different times of the co-axial coalescence of two initially spherical bubbles released from 
in an initially quiescent liquid. 

In order to obtain insight into the detailed flow structure, initially, the instantaneous bubble shapes are 
presented in figures 6-10. In all cases except figure 9, it can be seen that the two bubbles collide and 
coalesce. The trailing bubble always accelerates and rises faster than the leading. The trailing bubble 
experiences a lower drag than that of the leading one. Thus, the trailing bubble catches up with the leading 
one and two bubbles merge into a larger one. Figure 6 and 7 show the instantaneous bubble shapes for 
Mo=2.73×10-5 at Eo=1 and 10, respectively. It can observed that the leading bubble undergoes little 

deformation, and therefore no significant wake is produced behind the bubble for Eo=1. As the Eotvos 
Number increases (Eo=10), the deformations of the leading and the trailing bubbles are becoming more. In 
fact the leading bubble has the maximum shape deformation, duo to highest drag experienced by this 
bubble. Also, the deformation of the trailing bubble is much enhanced duo to increase wake of leading 
bubble. Thus, coalescence of two gas bubbles accrued faster. Furthermore, a small liquid drop is trapped 
inside the gas phase for Eo=10 during the coalescence because of the high inertia at the time of impact. As 
a result, the liquid drop is unable to escape completely in time through the narrow gap left between the 
two bubbles, thus getting trapped inside the vapor phase. Eventually the encapsulated liquid drop escapes 
the bubble from the bottom (see Figure 7). 

 

    

                   t*=1                                 t*=37                          t*=42                                 t*=48 

Figure 6:   Bubble shapes of two co-axial identical bubbles. Collisions occurs at t*=48, in Eo = 1, and Mo = 

2.73×10-5.  
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               t*=1                                       t*=11                                t*=13                                    t*=17 

Figure 7:    Bubble shape of two co-axial identical bubbles. Coalescence occurs at t*=13, in Eo = 10, and Mo = 

2.73×10-5. The last snapshot shows the escape of the liquid drop. 

 

Figure 8 shows the dynamics of two co-axial bubbles aligned vertically, and rising in a continuous 
liquid phase in Eo = 10, and Mo = 2.73×10−4. As compared to results in Figure 7, by increasing Mo 
number, coalescence of two gas bubbles accrued later. The Morton number only contains physical 
properties of the fluid.  

    
              t*=1                                 t*=16                                  t*=19                                  t*=22 

Figure 8:  Bubble shape of two co-axial identical bubbles. Coalescence occurs at t*=19, in Eo = 10, and Mo = 
2.73×10-4. The last snapshot shows the escape of the liquid drop. 

 

Figures 9 and 10 illustrate the dynamics of two co-axial bubbles of different diameter, aligned 
vertically, and rising in a continuous liquid phase. The initial distance between the centers of the two 
bubbles is 1.5d in vertical direction. The diameter of smaller bubble is half that of the bigger one.  

Figure 9 shows the motion of the bubbles at different times during simulation for the case where Eo=1 
and Mo= 2.73×10-5. It can be seen that two spherical bubbles do not collide with each other. In fact, the 
leading bigger bubble has a higher rise speed than the smaller trailing bubble. Also, two bubbles remain 
spherical duo to the small Eotvos number (Eo=1), resulting in, the leading bubble undergoes little 
deformation, and therefore no significant wake is produced behind the bubble. As a result, the trailing 
smaller bubble is not affected by the low-pressure zone in the wake of the leading bigger bubble. 
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             t*=1                                   t*=16                                   t*=19                                     t*=22 

Figure 9:  Bubble shape of two co-axial unequal sizes of bubbles in Eo = 1, and Mo = 2.73×10-5 

The motion of the bubbles at different times in Eo=10 and Mo=2.73×10-5 is presented in Fig. 10. 
Owing to the size difference, initially, the leading (large) bubble rises faster than the trailing (small) 
bubble. In the other hands, the deformation of the large bubble is much enhanced as compared to Figure 9, 
which leads to large wake region behind leading (large) bubble. Thus, the smaller bubble experiences 
wake of leading bubble and then is sucked into the wake of large bubble. Finally, two bubbles coalesce 
into one bubble at t*=12. 

 
   

              t*=1                                        t*=10                                      t*=12                                     t*=15 

Figure 10:   Bubble shape of two co-axial unequal sizes of bubbles in Eo = 10, and Mo = 2.73×10−5. The last 
snapshot shows the escape of the liquid drop. 

Also, in this case, a small liquid drop has been trapped in the gas phase after the coalescence, because 
of the inertia during the collision. Soon after, the encapsulated liquid drop “escapes” the bubble from the 
bottom (last snapshot of fig 10) and the final shape naturally emerges. As compared to results in Figure 7, 
it is found that, coalescence of two gas bubbles accrued faster for unequal bubble diameters than the equal 
one.  

 

5. Conclusions 

 

In this study, behavior of bubble–bubble interaction two equal and unequal size rising bubbles in inline 
arrangement simulated using a Shan and Chen-type multi-component multiphase lattice Boltzmann 

method (LBM). The method has been validated against two tests:  (i) Laplace law for static bubble; (ii) the 
shapes of bubbles rising in quiescent liquids. The results show that good agreement with numerical and 
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experimental data. Also, the bubble interactions are numerically investigated for both two equal size and 
unequal size of bubbles in different condition. Simulations were conducted for two different Eotvos 
numbers (Eo =1 and 10) and 2.75 × 10-5 ≤ Mo ≤ 2.73 × 10-4. The vertical interaction under the investigated 
conditions is attractive due to the bubble–wake interaction mechanism. 

For two rising equal size of bubbles, the result show that, in all Eo and Mo numbers, interactions are 

observed. In fact, the trailing bubble always accelerates and rises faster than the leading one, therefore; the 
trailing bubble experiences a lower drag than that of the leading one. Thus, the trailing bubble catches up 
with the leading one and two bubbles merge into a larger one. Also as comparison between cases, it can be 
seen that, by increasing Eo number in fix Mo number, coalescence of two gas bubbles accrued faster. 
Also, coalescence of two gas bubbles accrued later by increasing Mo number in fix Eo number. 

For two co-axial bubbles of different diameter, aligned vertically, and rising in a continuous liquid 
phase, the result show that, for the case where Eo=1 two bubbles do not collide with each other because 
the trailing smaller bubble is not affected by the low-pressure zone in the wake of the leading bigger 
bubble. By increasing Eo number, two bubbles coalesce into one bubble. In fact the smaller bubble 
experiences wake of leading bubble and then is sucked into the wake of large bubble.  
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