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Abstract 
et (ℳ,𝜔𝜔)be a symplectic manifold. A sub manifold N ⊂ M is called Lagrangian if it is isotropic 
and there is an isotropic sub bundle 𝑃𝑃 ⊂  𝑇𝑇𝑇𝑇|𝑁𝑁such that 𝑇𝑇𝑇𝑇|𝑁𝑁  =  𝑇𝑇𝑇𝑇 ⊕  𝑃𝑃. In this paper we 
use equivalent definition and we express the relationship between Lagrangian sub manifold and 
super geometry. Indeed, we investigate the properties of Lagrangian sub manifolds on super 

geometry. 
 
Keywords: Lagrangian sub manifolds, super manifolds.  

 
1. Introduction 

     A symplectic manifold is a pair (𝑇𝑇,𝜔𝜔) in which M is a smooth manifold and 𝜔𝜔 is a closed non 
degenerate 2-form defined everywhere on𝑇𝑇. A submanifold 𝑇𝑇 of 𝑇𝑇 is a lagrangian submanifold if, at 
each 𝑝𝑝 ∈ 𝑇𝑇,𝑇𝑇𝑝𝑝𝑇𝑇 is a lagrangian subspace of𝑇𝑇𝑝𝑝𝑇𝑇, i.e., 𝜔𝜔𝑝𝑝|𝑇𝑇𝑝𝑝𝑁𝑁 = 0 and𝑑𝑑𝑑𝑑𝑑𝑑𝑇𝑇𝑝𝑝𝑇𝑇 = 1

2
dim𝑇𝑇𝑝𝑝𝑇𝑇. Let M be 

a 2n- dimensional manifold and 𝜃𝜃 ∈  Ω1 (𝑇𝑇). The graph of 𝜃𝜃 (𝛤𝛤 =  {(𝑝𝑝, 𝑞𝑞)|𝑝𝑝 =  𝜃𝜃(𝑞𝑞)}) is the 
lagrangian sub manifold of T ∗ M if and only if 𝑑𝑑𝜃𝜃 =  0 [10]. Symplectic manifolds and their lagrangian 
sub manifolds appear naturally in the context of classical mechanics and they are a very essential tool 
to generalize geometrically understand results and procedures in the area of mathematical physics. 
Weinstein [11] proved that, if a compact sub manifold Y is lagrangian with respect to two symplectic 
forms ω and ω ′, then the conclusion of the Moser relative theorem [2] still holds. We will generalize 
the Weinstein lagrangian neighborhood theorem in super manifolds and will see that it is similar to 
preliminary case. Tuynman [8] has been argued that the symplectic description of classical mechanics 
contains many elements of the Lagrange formulation of classical mechanics, in particular a variational 
description in terms of an action functional. In [1], the authors have studied the different 
generalizations of the tangent manifold to the context of graded manifolds. In this way, they obtained 
a correspondence between the lagrangian and the Hamiltonian formulation of super mechanics. 
Tuynman [6] generalized the prequantization procedure in the context of super symplectic manifold 
with a symplectic form which is not necessarily homogeneous. We apply [2, 8, 5, and 6] to generalize 
lagrangian sub manifold in super geometry. The plan of this article is the following; Sect 2, collects 
definitions consider to super geometry; Sect3, We state our work that check super lagrangian sub 
manifolds and their applications. 
 
2. Super symplectic manifold 

In this article A is basic graded ring and B is body map (for more detail see [8, 9]). A 2-form ω on an 
A-manifold M is called non−degenerate if for all m ∈ M we have Ker (𝜔𝜔|𝑚𝑚) =0, where we interpret 
𝜔𝜔|𝑚𝑚as the map 𝑋𝑋 → 𝜄𝜄(𝑋𝑋) 𝜔𝜔|𝑚𝑚from 𝑇𝑇𝑚𝑚𝑇𝑇 to𝑇𝑇𝑚𝑚∗𝑇𝑇. The 2-form ω is called homogeneously non− 
degenerate if for all m ∈ M we have Ker (𝜔𝜔0|𝑚𝑚) ∩ Ker (𝜔𝜔1|𝑚𝑚) = 0. 
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Here ω α denotes the homogeneous part of parity α of ω, and ω α | m is interpreted as the map 𝑋𝑋 →
𝜄𝜄(𝑋𝑋)𝜔𝜔𝛼𝛼|𝑚𝑚 from 𝑇𝑇𝑚𝑚𝑇𝑇 to 𝑇𝑇𝑚𝑚∗𝑇𝑇.  
 
A 2-form ω is called symplectic if it is closed and homogeneously non-degenerate. A symplectic A− 
manifold is an A-manifold M together with a symplectic form ω. 
 
Lemma 1[6]. Let ℳ be a 𝒜𝒜-manifold and ω, σ be two symplectic forms on M. Let 𝑑𝑑0 ∈ 𝑩𝑩ℳ a point 
with real coordinates such that𝜔𝜔𝑚𝑚0 =  𝜎𝜎𝑚𝑚0.  Suppose U is a neighborhood of 𝑑𝑑0with 
 
The following properties: 

(i) There exists a 1-form α on U such that 𝑑𝑑𝑑𝑑 =  𝜎𝜎 −  𝜔𝜔 on 𝑈𝑈 and𝑑𝑑𝑚𝑚0 = 0; 
(ii) There exists an open neighborhood 𝑈𝑈� of  ×  {𝑠𝑠 ∈  𝐴𝐴0 |0 ≤  𝐵𝐵𝑠𝑠 ≤  1}  𝑑𝑑𝑖𝑖 𝑈𝑈 ×  𝐴𝐴0 ; 
(iii)  There exists an even vector field X on 𝑈𝑈� satisfying ι (m) ds = 1 and ι(x) Ω = 0 withΩ the closed 2-
form defined by Ω(𝑚𝑚,𝑠𝑠)  =  𝜔𝜔𝑚𝑚  +  𝑠𝑠. (𝜎𝜎𝑚𝑚   −  𝜔𝜔𝑚𝑚  )  +  𝑑𝑑𝑠𝑠 ∧  𝑑𝑑 𝑚𝑚 .where s is a (global even) 
coordinate on𝐴𝐴0. 
 
Then there exist neighborhoods V, W ⊂ U of 𝑑𝑑  0and a diffeomorphism ρ: V → W such that 
 

Ρ ∗ σ = ω. ♢ 
 

In generality will not be easy to satisfy the conditions of [2.1]. However, in the special case that ω 
is homogenous, the condition can be fulfilled ([12]). 

 
Proposition 2 [8]. Let ω be a homogeneous symplectic form on a connected A- manifold M of 
dimension p |q and let 𝑑𝑑0 ∈ 𝑩𝑩𝑇𝑇 be an arbitrary. 
If ω is even, then there exist k, ℓ ∈ N, p = 2k (i.e., p is even), 0 ≤ ℓ ≤ q and a coordinate 
Neighborhood U of m 0 with coordinates 𝑥𝑥1 , . . . , 𝑥𝑥𝑘𝑘  ,𝑦𝑦 1 , . . . , 𝑦𝑦𝑘𝑘  , 𝜉𝜉 1 , . . . , 𝜉𝜉𝑞𝑞  (x, y even and ξ odd) such 
that 

𝜔𝜔 = �𝑑𝑑𝑥𝑥𝑖𝑖
𝑘𝑘

𝑖𝑖=1

∧ 𝑑𝑑𝑦𝑦𝑖𝑖 +  �𝑑𝑑𝜉𝜉𝑖𝑖
ℓ

𝑖𝑖=1

∧ 𝑑𝑑𝜉𝜉𝑖𝑖 − � 𝑑𝑑𝜉𝜉𝑖𝑖
𝑞𝑞

𝑖𝑖=ℓ+1

∧ 𝑑𝑑𝜉𝜉𝑖𝑖                                                    (1) 

On U. 
If ω is odd, then p = q and there exists a coordinate neighborhood U of m 0 with coordinates 
𝑥𝑥1 , . . . , 𝑥𝑥𝑝𝑝 , 𝜉𝜉1 , . . . , 𝜉𝜉𝑞𝑞 (𝑞𝑞 Even and ξ odd) such that  
 

𝜔𝜔 =  �𝑑𝑑𝑥𝑥𝑖𝑖
𝑞𝑞

𝑖𝑖=1

∧ 𝑑𝑑𝜉𝜉𝑖𝑖 

On U.□ 
 
 

3. LAGRANGIN 𝓐𝓐−𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌𝐌 
 

In this section we assume that (ℳ,𝜔𝜔) is even symplectic manifold. 
 

Definition 3.  Let (ℳ,𝜔𝜔) be a 𝑖𝑖|𝑑𝑑- dimensional even symplectic 𝒜𝒜- manifold. A 𝒜𝒜 −submanifold 
𝒩𝒩 of ℳ is a lagrangian 𝒜𝒜- sub manifold if at each (𝑝𝑝, 𝜉𝜉) ∈ 𝒩𝒩,𝑇𝑇(𝑝𝑝,𝜉𝜉)𝒩𝒩 is a lagrangian 𝒜𝒜- subspace 
of 𝑇𝑇(𝑝𝑝,𝜉𝜉)ℳ, i.e., 𝜔𝜔𝑝𝑝|𝑇𝑇(𝑝𝑝,𝜉𝜉)𝒩𝒩 = 0 and  dim𝑇𝑇(𝑝𝑝,𝜉𝜉) 𝒩𝒩 = 1

2
dim𝑇𝑇(𝑝𝑝,𝜉𝜉) ℳ. Equivalently, If 𝑑𝑑: 𝒩𝒩 ⟶ℳ is 

an inclusion 𝒜𝒜-map. Then 𝒩𝒩 is lagrangian if and only if 𝑑𝑑∗𝜔𝜔 = 0 and dim𝒩𝒩 = 1
2

dimℳ. 
Example 4.  Let 𝑋𝑋 = 𝑇𝑇∗ℳ be the cotangent 𝒜𝒜 − bundle of a 𝒜𝒜 −manifold ℳ with respect to a 
cotangent coordinate chart  
 

(𝑇𝑇∗𝑈𝑈, 𝑞𝑞1, … , 𝑞𝑞𝑛𝑛, 𝜉𝜉1, … , 𝜉𝜉𝑚𝑚,𝑝𝑝1, … ,𝑝𝑝𝑛𝑛, 𝜂𝜂1, … , 𝜂𝜂𝑚𝑚). 
 

The tautological form is 𝑑𝑑 = ∑ 𝑝𝑝𝑖𝑖𝑑𝑑𝑞𝑞𝑖𝑖𝑛𝑛
𝑖𝑖=1 + ∑ 𝜂𝜂𝑗𝑗𝑑𝑑𝜉𝜉𝑗𝑗𝑚𝑚

𝑗𝑗=1  and the canonical form is  
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𝜔𝜔 = −𝑑𝑑𝑑𝑑 = �𝑑𝑑𝑝𝑝𝑖𝑖 ∧ 𝑑𝑑𝑞𝑞𝑖𝑖 + �𝑑𝑑𝜂𝜂𝑗𝑗
𝑗𝑗

∧ 𝑑𝑑𝜉𝜉𝑗𝑗 .
𝑖𝑖

                                                                 (2) 

The zero section 
  

ℳ0 = {(𝑞𝑞,𝑝𝑝, 𝜂𝜂, 𝜉𝜉) ∈ 𝑇𝑇∗ℳ |𝑝𝑝 = 𝜉𝜉 = 0 ∈  𝑇𝑇(𝑝𝑝,𝜉𝜉)ℳ}                                                     (3) 
 
is a 𝑖𝑖|𝑑𝑑- diemension 𝒜𝒜 −sub manifold of 𝑇𝑇∗ℳ whose intersection with 𝑇𝑇∗𝑈𝑈 is given by the equation 
𝑝𝑝1 = ⋯ = 𝑝𝑝𝑚𝑚 = 0, 𝜉𝜉1 = ⋯ = 𝜉𝜉𝑛𝑛 = 0, clearly 𝑑𝑑 vanishes on ℳ0 ∩ 𝑇𝑇∗𝑈𝑈. Hence, if 𝑑𝑑0: ℳ0 ↪ 𝑇𝑇∗ℳ is the 
inclusion 𝒜𝒜 −map, we have 𝑑𝑑0∗𝜔𝜔 = 𝑑𝑑0∗𝑑𝑑𝑑𝑑 = 0 and so ℳ0 is 𝒜𝒜 −lagrangian sub manifold. 

 
3.1 CONORMAL 𝓐𝓐-BUNDLES 

In the following we let 𝒮𝒮 be any 𝑘𝑘|ℓ- dimensional 𝒜𝒜-sub manifold of a 𝑖𝑖|𝑑𝑑-dimensional 𝒜𝒜- 
manifold ℳ. 
 
Definition 5.  The conormal 𝒜𝒜-space at (𝑞𝑞, 𝜉𝜉) ∈ 𝒮𝒮 is  
 

𝒞𝒞(𝑞𝑞,𝜉𝜉)
∗ 𝒮𝒮 = �(𝑝𝑝, 𝜂𝜂) ∈ 𝑇𝑇(𝑞𝑞,𝜉𝜉)

∗ ℳ�(𝑝𝑝, 𝜂𝜂)(𝜈𝜈) = 0  ∀𝜈𝜈 = (𝜈𝜈0, 𝜈𝜈1) ∈ 𝑇𝑇(𝑞𝑞,𝜉𝜉)𝒮𝒮}                       (4) 
 
And the conormal 𝒜𝒜-bundle of 𝒮𝒮 is  

𝒞𝒞∗𝒮𝒮 = {(𝑞𝑞, 𝜉𝜉,𝑝𝑝, 𝜂𝜂) ∈ 𝑇𝑇∗ℳ|(𝑞𝑞, 𝜉𝜉) ∈ 𝒮𝒮, (𝑝𝑝, 𝜂𝜂) ∈ 𝒞𝒞(𝑞𝑞,𝜉𝜉)
∗ 𝒮𝒮}.                                             (5) 

 
Theorem 6. Let 𝑑𝑑:𝒞𝒞∗𝒮𝒮 ↪ 𝑇𝑇∗ℳ be the inclusion and 𝑑𝑑 be the tautological 1 𝒜𝒜-form on 𝑇𝑇∗ℳ. Then 
 

𝑑𝑑∗𝑑𝑑 = 0.                                                                                                                                    (6) 
 
Proof. Let (U,𝑞𝑞1, … , 𝑞𝑞𝑛𝑛,𝜉𝜉1, … , 𝜉𝜉𝑚𝑚) be a 𝒜𝒜-coordinate system on ℳ that centered at (𝑞𝑞, 𝜉𝜉) ∈ 𝒮𝒮 and 
adapted   𝒮𝒮, so that 𝑈𝑈 ∩ 𝒮𝒮 described by 
 

𝑞𝑞𝑘𝑘+1 = ⋯ = 𝑞𝑞𝑛𝑛 = 𝜉𝜉ℓ+1 = ⋯ = 𝜉𝜉𝑚𝑚 = 0.                                                                         (7) 
 
Let (𝑇𝑇∗𝑈𝑈, 𝑞𝑞1, … , 𝑞𝑞𝑛𝑛, 𝜉𝜉1, … , 𝜉𝜉𝑚𝑚,𝑝𝑝1, … ,𝑝𝑝𝑛𝑛, 𝜂𝜂1, … , 𝜂𝜂𝑚𝑚) be the cotangent 𝒜𝒜-coordinate system. 
The 𝒜𝒜- sub manifold 𝒞𝒞∗𝒮𝒮 ∩ 𝑇𝑇∗𝑈𝑈 is described by  
 

𝑞𝑞𝑘𝑘+1 = ⋯ = 𝑞𝑞𝑛𝑛 = 0 𝑎𝑎𝑖𝑖𝑑𝑑 𝑝𝑝1 = ⋯ = 𝑝𝑝𝑘𝑘 = 0                         
𝜉𝜉ℓ+1 = ⋯ = 𝜉𝜉𝑚𝑚 = 0 𝑎𝑎𝑖𝑖𝑑𝑑 𝜂𝜂1 = ⋯ = 𝜂𝜂ℓ = 0.                                                                (8) 

 
Since 𝑑𝑑 = ∑ 𝑝𝑝𝑖𝑖𝑑𝑑𝑞𝑞𝑖𝑖𝑛𝑛

𝑖𝑖=1 +∑ 𝜂𝜂𝑗𝑗𝑑𝑑𝜉𝜉𝑗𝑗𝑚𝑚
𝑗𝑗=1  is the tautological form on 𝑇𝑇∗𝑈𝑈. We conclude that at (𝑞𝑞, 𝜉𝜉) ∈ 𝒞𝒞∗𝒮𝒮, 

we have  
(𝑑𝑑∗𝑑𝑑)(𝑞𝑞,𝜉𝜉) = 𝑑𝑑(𝑞𝑞,𝜉𝜉)|𝑇𝑇(𝑞𝑞,𝜉𝜉)(𝒞𝒞∗𝒮𝒮) = 

�𝑝𝑝𝑖𝑖𝑑𝑑𝑞𝑞𝑖𝑖|𝑠𝑠𝑝𝑝𝑠𝑠𝑛𝑛{ 𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖

,𝑖𝑖≤𝑘𝑘}
+ �𝜂𝜂𝑗𝑗𝑑𝑑𝜉𝜉𝑗𝑗|

𝑠𝑠𝑝𝑝𝑠𝑠𝑛𝑛{ 𝜕𝜕
𝜕𝜕𝜉𝜉𝑗𝑗

,𝑗𝑗≤ℓ}
𝑗𝑗>ℓ𝑖𝑖>𝑘𝑘

=  0.                                               (9) 

 
3.2 APPLICATION 𝓐𝓐- SYMPLECTOMORPHISMS 

Let (ℳ1,𝜔𝜔1) and (ℳ2,𝜔𝜔2) be two 𝑖𝑖|𝑑𝑑- dimensional (n, m are even) even symplectic manifolds 
and 𝜑𝜑: ℳ1 ⟶ℳ2 be even symplectomorphism, i. e.  𝜑𝜑∗(𝜔𝜔2)0 = (𝜔𝜔1)0. 
Consider the two projection 𝒜𝒜- maps 
 

ℳ1
𝑃𝑃𝑟𝑟1��ℳ1 × ℳ2

𝑃𝑃𝑟𝑟2��ℳ2 
𝑥𝑥1 ⟵ 𝑥𝑥1 × 𝑥𝑥2 ⟶ 𝑥𝑥2 
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Then 𝜔𝜔0 = (𝑃𝑃𝑟𝑟1)∗(𝜔𝜔1)0 + (𝑃𝑃𝑟𝑟2)∗(𝜔𝜔2)0 is an even 2-form on ℳ1 × ℳ2 which is closed, i.e.  
 

𝑑𝑑𝜔𝜔0 = (𝑃𝑃𝑟𝑟1)∗ 𝑑𝑑(𝜔𝜔1)0�����
0

+ (𝑃𝑃𝑟𝑟2)∗ 𝑑𝑑(𝜔𝜔2)0�����
0

= 0,                                                                     (10) 

And is symplectic, i.e.  
 

𝜔𝜔0
2𝑘𝑘+𝑚𝑚 = �

2𝑘𝑘 + 𝑑𝑑
𝑘𝑘 + 𝑑𝑑

� ((𝑃𝑃𝑟𝑟1)∗(𝜔𝜔1)0)𝑘𝑘+𝑚𝑚 ∧ ((𝑃𝑃𝑟𝑟2)∗(𝜔𝜔2)0)𝑘𝑘+𝑚𝑚 ≠ 0.                              (11) 

 
More generally, if𝜆𝜆1,𝜆𝜆2 ∈  ℝ− {0}, then 
 

𝜆𝜆1(𝑃𝑃𝑟𝑟1)∗(𝜔𝜔1)0 + 𝜆𝜆2(𝑃𝑃𝑟𝑟2)∗(𝜔𝜔2)0                                                                                           (12) 
 
Is also 𝒜𝒜- symplectic form onℳ1 ×ℳ2. Take  𝜆𝜆1 = 1, 𝜆𝜆2 = −1, obtaining the 𝒜𝒜- twisted product 
onℳ1 × ℳ2:  
 

𝜔𝜔0� = (𝑃𝑃𝑟𝑟1)∗(𝜔𝜔1)0 − (𝑃𝑃𝑟𝑟2)∗(𝜔𝜔2)0.                                                                                       (13) 
 
 The graph of a 𝒜𝒜- diffeomorphism 𝜑𝜑:ℳ1 ⟶ℳ2 is the 𝑖𝑖|𝑑𝑑- dimensional 𝒜𝒜-sub manifold ofℳ1 ×
ℳ2: 

Γ𝜑𝜑 ≔ 𝐺𝐺𝑟𝑟𝑎𝑎𝑝𝑝ℎ 𝜑𝜑 = ��𝑥𝑥,𝜑𝜑(𝑥𝑥)�� 𝑥𝑥 = (𝑞𝑞, 𝜉𝜉) ∈  ℳ1}.                                                          (14) 
 
The 𝒜𝒜-sub manifold Γ𝜑𝜑 is an 𝒜𝒜- embedded image of ℳ1 in ℳ1 × ℳ2 and the 𝒜𝒜-embedding is the 
map 

𝛾𝛾:ℳ1 ⟶ℳ1 × ℳ2 
𝑥𝑥 ⟼ (𝑥𝑥,𝜑𝜑(𝑥𝑥)) 

 
Proposition 7. A 𝒜𝒜- Diffeomorphism 𝜑𝜑 is an even symplectomorphism if and only if Γ𝜑𝜑 is a lagrangian 
𝒜𝒜-sub manifold of(ℳ1 × ℳ2,𝜔𝜔0�). 
 
Proof. The graph Γ𝜑𝜑  is an 𝒜𝒜-lagrangian if and only if 𝛾𝛾∗𝜔𝜔0� = 0. But 
 

𝛾𝛾∗𝜔𝜔0� = 𝛾𝛾∗𝑃𝑃𝑟𝑟1∗(𝜔𝜔1)0 − 𝛾𝛾∗𝑃𝑃𝑟𝑟2∗(𝜔𝜔2)0 
                          = (𝑃𝑃𝑟𝑟1 ∘ 𝛾𝛾)∗(𝜔𝜔1)0 − (𝑃𝑃𝑟𝑟2 ∘ 𝛾𝛾)∗(𝜔𝜔2)0 

 
And 𝑃𝑃𝑟𝑟1 ∘ 𝛾𝛾 is the identity map on ℳ1 whereas𝑃𝑃𝑟𝑟2 ∘  𝛾𝛾 = 𝜑𝜑. Therefore, 
 

𝛾𝛾∗𝜔𝜔0� = 0 ⟺𝜑𝜑∗(𝜔𝜔2)0 = (𝜔𝜔1)0.□ 
 
Theorem 8. Let ℳ be a 𝑖𝑖 = 2𝑘𝑘|𝑑𝑑 = 2𝑙𝑙-dimensional 𝒜𝒜- manifold, 𝒩𝒩  be a compact 𝑘𝑘|𝑙𝑙- dimensional 
𝒜𝒜- sub manifold, 𝑑𝑑:𝒩𝒩 ↪ℳ be the inclusion map and 𝜔𝜔0 and 𝜔𝜔0

′  𝒜𝒜-symplectic forms on ℳ such 
that𝑑𝑑∗𝜔𝜔0 = 𝑑𝑑∗𝜔𝜔0

′ = 0 , i.e. 𝒩𝒩 is a lagrangian 𝒜𝒜-sub manifold of (ℳ,𝜔𝜔0) and(ℳ,𝜔𝜔0
′ ).  Then there 

exist neighborhoods 𝑈𝑈0 and 𝑈𝑈1 of 𝒩𝒩 ⊂ℳ and a diffeomorphism 𝜓𝜓:𝑈𝑈0 ⟶ 𝑈𝑈1 such that 𝜓𝜓∗𝜔𝜔0
′ = 𝜔𝜔0 

and 𝜓𝜓 is the identity on𝒩𝒩, i.e. 𝜓𝜓(𝑥𝑥) = 𝑥𝑥,∀𝑥𝑥 = (𝑞𝑞, 𝜉𝜉) ∈ 𝒩𝒩. 
 

Proof. Put a Riemannian 𝒜𝒜- metric g onℳ. Fix𝑥𝑥 ∈ 𝒩𝒩, and 𝒱𝒱 = 𝑇𝑇𝑥𝑥ℳ,𝒰𝒰 = 𝑇𝑇𝑥𝑥𝒩𝒩 and𝒲𝒲 = 𝒰𝒰⊥, the 
orthocomplement of 𝒰𝒰 in 𝒱𝒱 relative to the inner 𝒜𝒜-product 𝑔𝑔𝑥𝑥(. , . ). since𝑑𝑑∗𝜔𝜔0 = 𝑑𝑑∗𝜔𝜔0

′ = 0, the 𝒜𝒜- 
sub space 𝒰𝒰 is lagrangian for both (𝒱𝒱,𝜔𝜔0|𝑥𝑥) and (𝒱𝒱 ,𝜔𝜔0

′ |𝑥𝑥).  By [4, proposition 2.7] we canonically get 
from𝒰𝒰⊥, a linear isomorphism ℒ𝑥𝑥: 𝑇𝑇𝑥𝑥ℳ⟶ 𝑇𝑇𝑥𝑥ℳ smoothly depending on 𝑥𝑥, such that ℒ𝑥𝑥|𝑇𝑇𝑥𝑥𝒩𝒩 =
𝐼𝐼𝑑𝑑𝑇𝑇𝑥𝑥𝒩𝒩  and  ℒ𝑥𝑥∗𝜔𝜔0′ |𝑥𝑥 = 𝜔𝜔0|𝑥𝑥. By the Whitney extension theorem [4] in the case of 𝒜𝒜-manifolds, there 
exist a neighborhood of 𝒩𝒩 and embedding 𝑘𝑘:𝒩𝒩 ⟶ℳ with 𝑑𝑑𝑘𝑘𝑥𝑥 = ℒ𝑥𝑥 for𝑥𝑥 ∈ 𝒩𝒩. Hence, at any𝑥𝑥 ∈
𝒩𝒩, we have  
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(𝑘𝑘∗𝜔𝜔0
′ )𝑥𝑥 = (𝑑𝑑𝑘𝑘𝑥𝑥)∗𝜔𝜔0

′ |𝑥𝑥 = ℒ𝑥𝑥∗𝜔𝜔0′ |𝑥𝑥 = 𝜔𝜔0|𝑥𝑥. 
 
Applying the Moser relative theorem [4] in the case of 𝒜𝒜 –manifold to 𝜔𝜔0 and  𝑘𝑘∗𝜔𝜔0

′  one can find a 
neighborhood 𝒰𝒰0 of 𝒩𝒩 and an 𝒜𝒜 –embedding 𝑓𝑓:𝒰𝒰0 ⟶𝒩𝒩 such that 𝑓𝑓|𝒩𝒩 = 𝑑𝑑𝑑𝑑𝒩𝒩  and 𝑓𝑓∗(𝑘𝑘∗𝜔𝜔0

′ ) =
𝜔𝜔0 on𝒰𝒰0. Set 𝜑𝜑 = 𝑘𝑘 ∘ 𝑓𝑓 and 𝒰𝒰1 = 𝜑𝜑(𝒰𝒰0). 
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Conclusion 

We have obtained different result in lagrangian sub manifolds with use of [6], [3]. Here we managed 
to extend this study to the super manifolds. The same result can be obtained for the case of lagrangian 
mechanics [2]. 

 
References  

[1]   A.C Dasilva: Lecture on Symplectic Geometry. Springer-Verlag Berlin Heidelberg New York (2000). 
[2]   A. Rogers: Super manifold: Theory and Application king, s college London. World Scientific publishing Co. Pte. Ltd. 2007. 
[3]   A. Weinstein: Symplectic manifolds and their lagrangian sub manifold, Adv.in Math. 6(1971), 329-346. 
[4]   F.J.E Dillen and L.C.A Verstrealem: Handbook of Differential Geometry.Vol II, Elsevier (2006). 
[5]   G.M. Tuynman: Super manifolds and super groups: Basic Theory, Mathematics and Its Applications 570, Kluwer 
Academic Publishers, Dordrecht, 2004. In Honor of Jean Leroy (M. deGosson, ed.), Mathematical Physics Studies 24, Kluwer 
Academic Publishers, Dordrecht, 2003, pp. 235-247. 
[6]   G.M. Tuynman: Super symplectic geometry and prequantization, J. Geom. Phys., 60, (2010), 1919-1939. 
[7]   G.M. Tuynman: The Lagrangian in Symplectic Mechanics. Jean Leroy ’99 Conference Proceedings: The karlskrona. 
[8]   J.F Carinena and H. Figueroa: Hamiltonian versus Lagrangian formulatian of super mechanics. J. Phys. A Math. Gen. 30, 
2705-2724. 
[9]    L. Balduzzi,  C.Carmeli and Cassinelli, G.:Supper vector bundle. J.Phys:conf. Ser. 284012010, 2011. 
[10]  O. Goertsches: Riemannian supergeometry, Math. Z., 206, (2008), 557-593. 
[11]  P.K. Sharma: On Fuzzy Topological Spaces Involving Boolean Algebraic Structures. 
[12]  N. M. J. Woodhouse: Geometric Quantization. Mathematical Institute University of Oxford (1991). 
[13]  P. O. Olanipekun, Adesanmi A. Mogbademu / J. Math. Computer Sci. 15 (2015) 293 - 298.  

  
 

A. Behzadi et al. / Vol. 6(21), Jul. 2016, pp. 3043-3047                                         

http://www.aeuso.org/

	Super Symplectic Geometry and Lagrangian Sub Manifold
	*Corresponding Author's E-mail: Behzadi@umz.ac.ir
	Abstract
	ACKNOWLEDGEMENTS

