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Abstract 
MF algorithms have been recently employed in several applications; however, the performance 
of NMF is highly dependent on three factors including: 1) choosing a suitable cost function, 2) 
using an effective initialization method and 3) determining the rank of factorized matrices. This 

paper is aimed at enhancing the NMF performance using CRF as an efficient initialization method for 
estimating initial components of NMF in addition to find the proper rank of decomposed matrices. The 
modified NMF is applied to JAFFE facial expression dataset and experimental results demonstrate the 
superiority of the proposed approach to NMF with different initialization schemes, in terms of relative 
error, robustness, sparsity and orthogonality.  
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1. Introduction 
Facial expressions play an important role in face-to-face human communications. Researches have 

empirically shown that during human communication, information transmitted by language, tone, and 
expressions account for 7%, 38%, and 55%, respectively. This statistic exhibits the importance of facial 
expressions in mutual understanding [34]. Facial expression recognition is widely used in actor-
training-software to train inexperienced actors by giving them a feedback about how nice they can 
mimic different facial states or gesture such as fear, happiness, astonishment, neutral, sadness, etc. 
The mentioned face expressions are produced by certain voluntary contractions of the face muscles. 
Therefore, each face expression is considered as an information class that conveys a certain non-verbal 
message to the audience. To design a facial expression recognition system, a standard dataset should 
be provided, and discriminative component-based features should be elicited from the images for 
quantitatively describing the state of the face components such as the lips, eyes and eyebrows, and 
also the flexion or extension of the face muscles. Many papers have addressed the problem of facial 
expression recognition. This includes methods that use Local Binary Patterns (LBP) [27], static 
topographic modelling [30], texture and shape information fusion [16], Principal Component Analysis 
(PCA) [5], appearance modelling [1] and integration of facial expression with facial appearance models 
[28]. Recently, Non-negative Matrix Factorization (NMF) has been repeatedly utilized to analyse and 
recognize the facial expression state [21, 33, 34]. This algorithm not only preserves the part-based  
representation of the original image, but also guarantees nonnegative results of low-dimensional basis 
(W) and its corresponding weights (H). As, a few face elements are effected through each feeling state, 
part-based decomposition is naturally matched to analyse the facial expression. This decomposition 
provides discriminant features to enhance the recognition performance. In general, NMF algorithms 
are divided into three general classes: multiplicative algorithms, gradient descent algorithms, and 
alternating least square algorithms [3]. These updating algorithms iteratively find more suitable values 
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for the W and H matrices and are terminated when the approximate equality of A≈WH with an 
acceptable error is satisfied. If the threshold error is chosen very low, the updating process should be 
terminated after passing a certain number of iteration (e.g. 3000 epochs). To improve the NMF 
performance, a few attempts have been made to design a problem-dependent cost function [8, 10]. 
The main challenge of these approaches is that the suggested cost functions are not necessarily 
convex; therefore, obtaining the optimal solution is impossible in a closed mathematical form. From 
another angle, designing a convex objective function that satisfies all constraints is a complicated task. 
Another approach to enhance the NMF performance is to find an initialization method in order to 
enable the NMF components starting from a nearly optimal point in the search space and converge to 
an acceptable solution in low number of iteration [4, 31, 32, 34].  

    In this paper, we focus on modifying the NMF performance in terms of achieving fast convergence 
and low relative error, increasing sparsity and orthogonality by exploiting an efficient initialization 
method. Due to the non-convex cost function of the standard NMF, there is no guarantee that NMF 
factors (W and H matrices) are optimally determined. On the other hand, NMF can provide different 
results corresponding to different initial values. Therefore, if the initialization values are chosen 
properly, there is a hope that the results would be nearly optimum in low number of epochs. Achieving 
fast convergence along with an acceptable error is quite suitable for real time applications.  

     In the last decade, several strategies have been suggested to develop an efficient initialization 
method [4, 31, 32, 34]. In this regard, PCA is deployed to decompose an image matrix into its 
eigenvectors and eigenvalues and removed those vectors corresponding to the smaller eigenvalues 
[34]. Finally, they assigned the remained positive eigenvectors (negative values were set to zero) 
corresponding to the selected eigenvalues, onto the matrices W and H, respectively. Boutsidis and 
Gallopoulos [4] suggested Singular Value Decomposition (SVD) to initialize NMF components under 
circumstances of facing with the Small-Sample-Size (SSS) problem. In another attempt two different 
criteria are considered to update the NMF component such that spherical k-means is used for 
initialization of matrix W, while Non-Negative Least Square (NNLS) algorithm is utilized to calculate the 
H matrix [31]. In a similar study, divergence-based k-means clustering is utilized for initialization of W 
component. For determining matrix H, at each column, the corresponding cluster number of each 
sample (image) is considered one and the other elements are set to zero [32]. 

     As all of the mentioned approaches have their own bottlenecks, initialization of NMF components 
is still an open problem for research [4, 31, 32, 34]. Consequently, various attempts are still made to 
propose a robust method for initialization of NMF components. In order to address this problem, here, 
unsupervised Conditional Random Fields (CRFs) as one of the state-of-art statistical models, which has 
a good clustering capability, is exploited to to improve the NMF performance. Deploying this method 
not only leads to a faster convergence of W and H matrices but also results in a higher performance in 
terms of relative error, sparsity, and orthogonality. As far as CRF-based technique are successfully 
employed in image segmentation [11, 23], the main contribution of this research is to initialize the 
NMF components (W and H matrices) using unsupervised version of CRF method. Another advantage 
of unsupervised CRF is the relaxation of independence assumptions and providing better clustering 
result [22].   

      The rest of this paper is organized as follows. Section 2, describes the Methodology. Section 3, 
describes the employed dataset, pre-processing stage and evaluating criteria. Section 4, illustrates the 
experimental results and discusses the advantages and disadvantages of the proposed method 
compared to the traditional initialization methods. Finally, the paper is concluded in Section 5. 

 

2. Methodology 

In this section, the conventional methods along with the proposed method which have been 
implemented in this research are illustrated. In the next part, NMF method is briefly discussed, then, 
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the local version of NMF (LNMF) method is expressed. Next, CRF method is explained and finally the 
proposed CRF-NMF method is introduced. 

 

2.1. Nonnegative Matrix Factorization(NMF) 

     Non-negative Matrix Factorization (NMF) is a low-rank approximation technique for unsupervised 
multivariate data decomposition, such as PCA and Independent Component Analysis (ICA). These 
methods have different constraints and interpretations [12]. NMF was firstly presented by Lee and 
Seung [21]. A large body of research has been published to analyse the extensions and applications of 
the NMF algorithm in image processing [4, 9, 10, 13, 19, 21, 31, 32, 33, 34], signal processing [6, 8, 14, 
17], and data mining [3, 25, 26] during the last decade.  

NMF attempts to decompose a given non-negative data matrix (e.g. Image, document) nmRA ×∈   
into a multiplication of two non-negative matrices kmRW ×∈   and nkRH ×∈ such that these matrices 
minimize the following criterion: 

2

2
1),(

F
WHAHWf −=          (1) 

where k<<min(m,n) is a positive integer that determines rank of NMF and F is the Frobenius norm. In 
some studies, different similarity metrics are used as the cost function [8, 10]. To some extent, matrix 
W plays the role of eigenvectors in PCA algorithm with difference that columns of matrix W contain 
non-negative values and not supposed to be essentially diagonal. For the case of facial expression 
recognition, n is the number of images and each column of matrix nmA ×  (all images) shows an image. 
In other words, the original feature dimension is m while by applying NMF decomposition to the matrix 
A, the number of features is reduced to k. 

     Although both PCA and SVD represent input data with smaller error in Frobenius norm than NMF 
[7, 31], NMF has the following benefits in comparison with the other factorization methods such as 
PCA, SVD, ICA, QR [2] and LU [2]. These benefits makes it suitable for rank reduction in specific 
applications such as data mining and image processing.  

• Elements of matrix W are nonnegative; consequently, basis columns can be visualized [31]. 
• Nonnegative elements of matrix H make a non-subtractive combination of basis components 
compared to the other methods that allow additive and subtractive combinations of basis 
components. Therefore, NMF is a part-based representation while other methods are whole-based 
representation. It provides a good property in applicable fields such as image and document 
processing. For example, if a part of image is damaged, the defected part affects just small number of 
features; however, in other methods it affects almost all features. In addition, in most applications only 
a part of image is processed. For instance, in facial expression recognition, face expression is shown by 
a few parts of a face.  
 
• NMF causes a sparse representation of input data in terms of W and H matrices leading to a 
drastic reduction in data storage [19]. 
 
 
2.2. LNMF 

     Although features achieved by NMF are part based, they are not fully localized. To solve this 
problem, local version of NMF (LNMF) is used that is introduced by Li et al. [24]. LNMF identifies W and 
H components such that these matrices minimize the following criterion:  
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 Where LNMFf  is LNMF cost function and  0, >βα are constants and WWU T=  and THHV = . 
Using this cost function, LNMF features are more localized (proof see [9]). Although rate of 
convergence for LNMF is slower than NMF, features achieved by LNMF are highly localized. In the best 
situation, these features are real parts of the face. Main components of LNMF algorithm, W and H, are 
updated according to the following formula: 
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2.3. Conditional Random Fields (CRFs) 

     In general, probabilistic models are designed by the two following approaches: generative and 
discriminative models. Generative models utilize the joint probability between their inputs and outputs 
(labels) such as Naive Bayese (NB) and Hidden Markov Model (HMM). In both mentioned models, 
estimation of the joint probability distribution is needed a high computational burden [15]. To reduce 
the computational complexity, the second approach is presented based on conditional probability 
which is optimized by some criteria like Maximum Entropy (ME) and Conditional Random Fields (CRFs). 
Similar to Naïve Bayes, output variable of ME-based models is a single variable while CRF assigns a 
label vector to an input pattern by selecting the label sequence that maximizes the conditional 
probability; consequently, CRF can be understood as a sequential extension to the ME model known 
as discriminative models [15]. Fig, 1, illustrates the relation among the mentioned models. 

 

Figure 1: Relationship between Naïve bays (NB), Maximum Entropy (ME), Conditional Random 

Fields (CRF) and Hidden Markov Model (HMM). 
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Considering advantages of discriminative models, in this paper, unsupervised CRF [22] is employed. In 
this case, },...,,{ 21 nXXXX =  represent input data, },...,,{ 21 nYYYY =  is the set of labels, and G= (V, 
E). A CRF model can be expressed as a conditional probability function of Y given X: 

)) ,,(exp()()|()|( ∧−∝= YXUXpYXpXYp           (5) 

where U is a cost function and ∧ is set of parameters that composed of Cm , s and Ck   that describe 
later. 

     In general, CRF has a low convergence rate while impose a high computational burden if the entire 
dataset is used [18]. To overcome this drawback, unsupervised CRF [22] considers the neighbours of 
each input sample as a voting pool which contain Ck  samples.  In the first iteration, neighbours are 
generated randomly. In the next iteration, the most current S similar samples along with the most 
different sample are chosen from the previous iteration to the current generation; therefore, to set an 
equal population size at each iteration, Ck -S-1 samples are randomly selected from the remained 
samples. Again, the S most similar samples with the most dissimilar one are fed to the next generation. 
This process continued till the number of iterations exceeds than a user-default threshold or in two 
successive iterations, the resulted labels do not change.  

     It should be noted that Ck  and S are problem dependent that are determined empirically. Using 
voting pool described in Eq. (5), the following relation can be resulted [22]: 

)),,,(exp(),,|( NiiNiiiNiNiii xxyyUyxxyp −∝       (6) 
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where Ni is the voting pool (contains Ck  samples), jid ,   is the Euclidean distance between samples i 
and j, D is the estimated threshold dividing the set of euclidean distances into intra-class and inter-
class distances. To estimate D, for each sample, its distances are calculated to Cm other randomly 
samples and find the minimum and maximum distances. Then, two values dp and do are calculated by 
taking the average of all the minimum and maximum distances, respectively. Finally, D is determined 
as: 

)(
2
1 dodpD +=                        (7) 

     In the first iteration, each sample is assigned to a label randomly picked from the integer range of 1 
to n. Hence, the algorithm starts with a set of n singleton clusters without any prior knowledge about 
the number of clusters. Finally, the optimum label iy  is determined according to the following 
equation: 

),,,(minargˆ NiiNiiiyi xxyyUy
i

=               (8) 
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2.4. Conditional Random Fields (CRFs) 

     Although NMF is an efficient feature extraction method, the traditional updating algorithms do not 
have a convex form. Therefore, NMF suffers from achieving to global optimum. To improve the NMF 
performance, especially in real time applications that needs a short training phase, an efficient 
initialization method should be employed. To address this problem, CRF is suggested to initialize the 
NMF components.    

     The main contribution of this study is to employ CRF for NMF initialization. In this version of CRF 
(unsupervised), clustering is performed without any prior knowledge about the number of clusters and 
the initial centroids [22]. This is beneficial for NMF algorithm that highly suffers from lack of prior 
knowledge about the suitable reduction rank (k). In our application, intensity of an image is considered 
as a random variable iX  and is utilized for clustering. For this case, each vectorized image 𝑖𝑖 is 

considered as a random variable iX  , },...,,{ 21 nXXXX =  and },...,,{ 21 nYYYY =  is their labels. In 
this phase, CRF determines the rank (k) of NMF by its number of clusters. After the cluster centers are 
determined by CRF, these are arranged into columns of matrix W. Then for computing matrix H, 
Nonnegative Least Square (NNLS) algorithm [20] is used. Afterwards, LNMF algorithm is executed using 
the initialized components. What follows is the pseudo-code of CRF-NMF: 

Algorithm: CRF-NMF 

Inputs: A matrix that is achieved by pre-processing phase. 
Outputs: W and H matrices. 

Set columns of matrix A to vectors iX  (i=1... n) 
Each sample is assigned to a label randomly picked from the integer values ranged from 1 to n  
For each pattern,  voting pool consists of Ck  samples that are selected randomly.Then the s most similar samples 
and the most different sample, are selected for next iteration. 
Determine the label of each pattern using Eq. (8) 
Set i=1 
While i< maximum iteration for CRF or in two successive iterations, the sample labels are not changed 
        The voting pool is updated  
        Update labels of each pattern with Eq. (8) 
        i=i+1 
End 
Uses Y for label of samples then cluster centers are computed. 
Set cluster centers to vectors of W matrix 
H matrix is computed using NNLS algorithm. 
For i=1: maximum iteration for NMF 
        Update H and W matrices trough Eq. (4) 
End 
 

3. Database, preprocess and evaluation methods Database, preprocess and 
evaluation methods 
     In our experiments, Facial expression images of Japanese Female Facial Expression (JAFFE) 
dataset1are used. This dataset consists of of 213 images of 7 facial expressions containing 6 basic facial 
expressions and a neutral expression that posed by 10 Japanese female. At first, in the preprocessing 
stage, all faces from the images are cut and aligned into a fixed size (33×33). For each image, histogram 
equalization is applied and pixel’s intensity of each matrix is normalized through [0, 1]. 

                                                           
1http://www.kasrl.org/jaffe_download.html 
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256jij WW <  

inequality is considered. Orthogonality of W matrix is assessed through the ∑
≠ ji

j
T
i ww  equation [31]. It 

is obvious whatever the sparsity index inclines, the complexity of recall phase declines. Orthogonality 
of W component can reveal the independence of columns together. Relative error measures the rate 
of error change over the error value in successive iterations. Finally, progression of the factorized 
matrix basis vectors (columns of W matrix) can measure the convergence of NMF after initialization. 
 

4. Experimental Results and Discussion 
     After the pre-processing stage, each image has 33×33 size and for all of the experiments, 
parameters Cm , S and, Ck are empirically chosen 5, 2 and 14, respectively. Maximum iteration of CRF 
algorithm is considered 100; however, the algorithm almost becomes stable before 100 iterations. By 
applying CRF to the dataset, number of clusters is determined 17 which is the suitable rank for the 
NMF components. 

4.1. Image Results achieved using just CRF(without using NMF) 

     It is expected to rapidly converge to local optimum when CRF initializes the NMF matrices. In the 
other words, when CRF is applied to the pre-processed face images for initializing W and H 
components, (without further applying NMF), we expect to achieve images that are similar to their 
original ones. In this way, W and H matrices are initialized by CRF and after composing matrix W×H, 
left images in Fig. 2, are obtained while those on the right are original images. Experimental results 
depict that by using just CRF leads to a very good estimation of images, where the resulted images are 
denoised and looks clear, that demonstrates its susceptibility for initialization of NMF. 

 

 

 

Figure 2: left images are estimated using CRF and right ones are the counterpart original images. 
 

4.2. Comparing NMF with Random and CRF initializations in term of basis vectors 

       In this experiment, the progression of the left factor, W, in NMF is exhibited using different 
initialization methods. In practice, rank of NMF determines the number of basis vectors which is 
determined by CRF, as it mentioned before, 17 clusters are determined. In the first comparison phase, 
progression of the basis vectors (columns of W) by the proposed method is compared to standard NMF 
[21] which uses random initialization. The superiority of the proposed method to the random 
initialization appeared when the performance of both algorithms passes a certain number of iterations. 
The comparison results demonstrate the significance of the estimated basis vectors (main face 
components) achieved by CRF compared to that of standard NMF in low number of iterations, that is 
proper for real time applications. For better visualization, obtained images by infinite norm on the 
JAFFE dataset are depicted in Fig. 3. 
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     As we expected, in high iterations, as shown in Fig. 3, results of standard NMF outperformed that 
of the proposed CRF-NMF. The achieved results seem logical because all of the initialization methods 
mostly find a local optimum; therefore, after a few epochs their progression would not be significant. 
Nevertheless, in real time problems, using CRF, provide acceptable face components in a low number 
of iterations (very fast convergence) but its results is not brilliant in high iterations while so far random 
initialization results mostly lead to estimate better face  components than other initialization methods 
[4, 31, 32, 34] when updating algorithm is highly iterated (e.g. 3000).  

4.3. Comparison of CRF-NMF and other initialization methods in term of  relative error 

     As mentioned in the introduction part, several methods have been suggested to find suitable values 
for initialization of W and H [4, 31, 32, 30]. In this experiment, the proposed method is compared to 
the SVD, PCA, divergence-based k-means, spherical k-means, and standard NMF (random 
initialization). decompositions methods on the JAFFE database. The obtained results (brought in Table 
1) illustrate that the proposed CRF-based initialization outperformed the other initialization methods 
in terms of relative error. It should be pointed that relative error is chosen as the ratio of  

22

FF
AWHA −  [31]. 

Table 1: Comparison of initialization methods in term of relative error 

Initialization 
method 

CRF Random Divergence 
based k-
means 

Spherical k-
means 

SVD PCA 

Relative error 0.4447 6.6867 0.4488 0.4520 0.8796 1.9410 

 

4.4. Comparison of CRF-NMF and standard NMF in term of  sparsity and orthogonality 

       In this part, sparsity and orthogonality are assessed and depicted for the standard NMF and the 
proposed CRF-NMF in various iterations. To evaluate the algorithm in terms of sparsity, we consider 
number of elements in W that satisfies the 256jij WW <  inequality, and orthogonality of this matrix is 

assessed by the ∑
≠ ji

j
T
i ww  equation [31]. As shown in Fig. 4, results of CRF-NMF outperformed of the 

standard NMF in terms of sparsity and orthogonality. In high iterations, as we expected, the results of 
standard NMF outperformed that of the proposed CRF-NMF. As it is explained before, the achieved 
results seem logical, because all of the suggested initialization methods mostly find a local optimum 
and highly suffer from lack of diversity in their optimization algorithm. while the standard NMF 
incorporate randomness through its search leading to improve the local minimum problem compared 
to the other initialization methods. 

4.5. Image denoising using CRF initialization 

     This is an interesting experiment in which each image is first contaminated by noise and then 
decomposed into W and H components using the proposed CRF initialization. Afterward, the primary 
noisy images are reconstructed just using multiplication of W and H without employing NMF. In this 
way, Gaussian noise is added into 10 randomly selected images from the dataset and the reconstructed 
images (by multiplication of W*H components) are shown in Fig. 5. As we can see, the reconstructed 
images carry less noise compare to its primary noisy image. This experiment shows that noise effect is 
significantly diminished when decomposing is done by CRF and then abruptly reconstructs the images. 
In other word, CRF can be used as a de-noising algorithm to recognize the facial expression states. This 
property rises from this fact that CRF estimates a rough representation of the primary image (leading 
to determine a nearly local optimum solution) at the cost of losing the detailed information like noises. 
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As we see in Fig. 5, in first row original images are shown, second row depicts noisy images, and the 
third row exhibits the refined images by CRF initialization and reconstruction as explained in 4.1 

   

 

 Initial basis vectors 

 

 

 

 

 

 Basis vectors after 10 iterations   

 

 

 

 Basis vectors after 100 iterations   

 

 

 

 Basis vectors after 400 iterations   

 

 

 

 Basis vectors after 1000 iterations   

 

 

 

 Basis vectors after 2000 iterations 
Figure 3: Above face components show the progression of basis vectors (columns of W matrix). 
Left and right images are basis vectors achieved by CRF and random initialization, respectively. 
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Figure 4: Comparison of standard NMF and CRF-NMF in terms of sparsity and orthogonality 

 

 

 

 

Figure 5: Above face components show de-noising capability of the proposed CRF initialization method. Images 
in first row are original images, images in second row are noisy images and images in third row are images that 

are achieved by CRF initialization. 

Conclusion and Summary 
     NMF is a part-based representation that has been successfully applied to many applications; 
however, it highly suffers from its improper initialization. To solve this shortcoming, CRF is employed 
to initialize the NMF components with the objective of faster convergence along with diminishing the 
relative error and also increasing the spasity and orthogonality. Due to the probabilistic nature of CRF, 
the achieved results empirically prove that the proposed scheme provides stable and fairly accurate 

Masoumeh Rezaei et al. / Vol. 6(20), Apr. 2016, pp. 2878-2889                                   

http://www.aeuso.org/


 
  

 
2888 

 
International Journal of Mechatronics, Electrical and Computer Technology (IJMEC) 

Universal Scientific Organization, www.aeuso.org 
PISSN: 2411-6173, EISSN: 2305-0543 

results. Moreover, another benefit of the proposed initialization method is to determine the suitable 
rank factor for NMF which is a challenging parameter for NMF components. In addition, initialization 
using CRF leads to diminish the noise level from the primary images. Therefore, the proposed method 
is a fast, accurate and robust method. Even in noisy environment that can be considered as an 
alternative method instead of random initialization (gold-standard) method especially when we are 
compelled to stop NMF in early stages for real time applications.  
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