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Abstract 
ompressive sensing (CS) is a new method for image sampling in contrast with well-known 
Nyquist sampling theorem. In addition to the sampling and sparse domain which play an 
important role in perfect signal recovery on CS framework, the recovery algorithm which has 

been used also has effects on the reconstructed image. In this paper, the performance of four recovery 
algorithms are compared according to visual evaluation and image assessment parameters where noiselet 
and Gaussian used as the sampling domain and Fourier transform (FT), discrete Cosine transform (DCT) 
and Haar wavelet transform (WT) used as the sparse domain. Furthermore, the same sampling and sparse 
domains are also used for ground penetrating radar (GPR) raw data image. Due to the big size of GPR 
image and high computational expenses, the block-based adaptive sampling based on edge detection is 
used.   
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1. Introduction 

The main issue of digital image and signal processing is Sampling. In 1949, Shannon [21] presented 
that any band limited time-varying signal with ‘f’ Hertz highest frequency component can be 
reconstructed perfectly by sampling the signal at regular intervals of at least 1/2f seconds. Accordingly, 
some applications, such as synthetic aperture radar (SAR) or ground penetrating radars (GPR) imaging 
result the great number of samples and hence compression before transmission or storage is 
necessary. GPR images subsurface structures by transmitting short electromagnetic pulses into the 
ground and processing the reflections [23]. The impulse response of GPR transmissions spanning a 
region of interest is a spatially variant curve in the space-time domain. A number of imaging algorithms 
such as time-domain Standard Backprojection (SBP) [27] and Fourier domain synthetic aperture radar 
(SAR) image formation techniques [24,13], are used to invert the total subsurface response. For the 
reduction of number of samples and then recovery of the original image or signal, compressive sensing 
(CS) [23], provides a promising solution and have been used in lots of applications ranging from channel 
and image coding to image denoising, radar and human detection [1,8,11,16]. In fact, CS combines the 
two steps of compression and sampling by using a measurement matrix and measuring the original 
signal so that the measured data will have the most information of the signal. This gives us the 
advantage of needing less samples to form the original signal but in cost of high and complex 
computational expenses. The problem gets worse when the signal or image of interest is big in size 
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which is in case of most of the radar images such as SAR and GPR. Lots of efforts have been done to 
solve this problem based on block-based sensing images [12,15,25,28,30]. Up to now, many CS 
reconstruction or recovery algorithms based on 1 -norm have been provided. Among many 
algorithms, matching pursuit (MP) [17], orthogonal matching pursuit (OMP) [3], compressive sampling 
orthogonal matching pursuit (CoSaMP) [7] are well known as greedy algorithms and also primal-dual 
interior-point (PDIP) [10] and Homotopy [2] are used for signal reconstruction as well. 

Successfulness of CS based signal recovery depends on two important factors: 1) sparsity of signal 
or image of interest and 2) incoherency of measurement and basis matrices. Most of the times the 
signal or image of interest is not sparse as expected which is in case of GPR images, so one should 
explore the sparsity of the image under some dictionary such as Fourier [9], DCT [18], Wavelets [19] 
etc. For example in [14], it has been shown that an optical image can be recovered near perfectly in CS 
framework by using sparsifying transform. Measurements matrices which have been widely used in CS 
framework are random Gaussian matrix and Bernoulli matrix which have the most incoherency with 
most of the basis matrices. Noiselets [22], have also been used as measurement matrix but they are 
not as popular as the last two mentioned.  The main purpose of this paper is introducing noiselets as 
a new sampling matrix in CS framework and exploring their operation on GPR images. It is showed that 
the proposed measuring matrix, noiselets, when used the Haar wavelet basis as the sparse basis 
matrix to recover an image, outperforms the random Gaussian matrix. Accordingly, the performances 
of four algorithms for recovering test images are compared. Then, OMP and PDIP as the best 
algorithms are used for recovering the GPR image where the block based CS due to being big data is 
applied.  

The paper is organized as follows. In Section 2, CS is explained at first then noiselets as a new 
sampling matrix which has a good incoherence with Haar wavelet basis is introduced. In Section 3, 
adaptive block compressed sensing based on edge detection is provided and in Section 4, the 
experimental results for different scenarios are presented and the performance (visual evaluation and 
an image assessment) of four CS recovery algorithms are compared. Finally, we have conclusion in 
Section 5. 
 
2. Compressive sensing 

The CS framework samples data [21] based on a linear non-adaptive measurement, written as: 

xy ϕ=                                                                         (1) 

where x  denotes signal or data of interest with finite dimension of N  written as NRx∈ , ϕ  is the 
sampling or measurement matrix with size )( NnNn <× which is often considered as random Gaussian 
or Bernoulli and y  with size 1×n  is the observed data. In CS theory, there are two fundamental 
requirements that need to be fulfilled, the signal ‘sparsity’ and the ‘incoherency’. A signal x  is k-sparse 
if it has k nonzero or big elements generally in ψ  domain. The k-sparse signal x  based on basis matrix, 
ψ , is: 

sx ψ=                                                                         (2) 

where s  with size 1×N  denotes the sparse representation of signal x  and ψ  with size NN ×  is the 
sparse basis matrix. The sampling process is expressed as: 

ssy θψϕ ==                                                                (3) 

where θ  with size Nn×  is called dictionary matrix. Big size signals result in big size dictionary matrices 
which in turn makes recovery algorithms fail to reconstruct signals because of high computational 
problems [15]. The second CS requirement called ‘incoherency’ means having ϕ  and ψ  matrices that 
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are maximally incoherent to each other, then fewer measurement samples for perfect recovery of 
signal will be needed. Coherency between these two matrices is:  

],1[),(,,max),(
,1

NN jk
Nji

∈><=
≤≤

ψϕµψϕψϕµ                        (4) 

where kϕ , jψ are k-th row of ϕ  and j-th column of ψ  and 1),( =ψϕµ  means maximum incoherency. 
Satisfaction of restricted isometry property (RIP) [23] guaranties the maximum incoherency between 
the sampling matrix, ϕ , and sparse basis matrix ψ . 

Although recovering x from y is an ill-posed problem in condition of n << N, according to CS theory, 
the original signal can be exactly reconstructed by solving the linear programming problem as long as 
x is sparse in some domain: 

sytss l
ˆ:..,ˆ:min

1
θ=                                (5) 

As mentioned in [8], well known random matrices like Gaussian, which are mostly used in CS, are 
largely incoherent with any basis ψ  with size NN ×  and the incoherency is about Nlog2 . Noiselets 
which are not as popular as random sampling matrices, also have good incoherency with fixed basis ψ
matrices with size NN ×  like Fourier and wavelets [8]. The coherency between noiselets and Haar 
wavelets is 2  and that between noiselets and Daubechies D4 and D8 wavelets is, respectively, about 
2.2 and 2.9. So, this gave us motivation to analyze the performance of different CS recovery algorithms 
with different measurement and sparsifying basis on GPR images. 

In this work, four reconstruction algorithms are used to solve 1 -norm optimization problem 
according to Eq. (5). OMP [3] and CoSaMP [7] do the reconstruction process in a similar way. They 
make an initial guess about the atoms of the dictionary and then refine estimate of x .  For 
implementing the OMP only one atom is chosen at each iteration, whereas 2k atoms are needed for 
CoSaMP at every iteration. In addition, the obtained atoms are updated for OMP by projecting the 
signal onto the set of atoms selected so far, and then it iterates. Although CoSaMP needs less iteration 
number in comparison with OMP, but the computation time of CoSaMP is considerable. Homotopy 
[20] algorithm quickly solves the associated weighted 1 -norm minimization problem. In PDIP [19], 
steps are generated by applying a perturbed Newton methods, which forms a nonlinear system and 
then iterates until some termination criterion is satisfied. 

 
2.1. Noiselets 

The noiselet basis, originally presented in [22], has received interest recently because they are 
maximally incoherent to the Haar basis and also have a fast algorithm for implementation. Thus, they 
have been employed in CS to sample signals that are sparse in wavelet domain where Haar is the sparse 
matrix [26]. Noiselets family on the interval [0,1) are constructed as follows: 

)12()1()2()1()(
),12()1()2()1()(
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12
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zzf
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χ

            (6) 

where { jf } is a basis, and ]1.0[χ (z) =1 on the definition interval [0,1) and 0 otherwise. In order to 
generate the noiselets matrix, noiselets functions should be extended and discretized [26]. We start 
with a 11×  matrix ]1[1 =N , then a sequence of noiselet matrices mNNN 242 ,....,, with sizes 22× , 44×

,…., mm 22 ×  , are generated. The nn ×   noiselet matrix is built up recursively according to: 

.2,...,4,2,0when),
2

()11(
2
1),( 2/ −=∗⊗+−=∗ nkkNiikN nn     (7) 

.1,...,5,3,1when),
2

1()11(
2
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−
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where ⊗  denotes the Kronecker product and ),( ∗kN n  denotes the row vector of nN . For example 2N
and 4N  by using Eq. (7) and Eq. (8) are: 
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3. Block based adaptive sampling based on edge detection 

Basic CS framework fails to recover data with big sizes such as GPR radars due to insufficient 
memory. One of the earlier solutions to this problem was blocking the input signal then recover it in 
each block [15]. But the image details were not preserved well and also this procedure fails for images 
such as GPR where they have lots of edges and high frequencies. So, adaptive block sampling based on 
edge detection introduced [29] to enhance the high frequency parts of an image. 

In general, adaptive block-based CS measurement first divides an image into blocks, then adopts 
high sampling rate in the complex texture area and low sampling rate in simple texture area according 
to the statistic characteristics of each block. In [29], the Gradient variance of each block was used for 
obtaining the texture complexity. In other words, simple textures have low variance value and complex 
textures have high variance value. However, assigning sampling rates strictly according to the variance 
may cause for some blocks over-sampling (sampling rate greater than 1) and for some of the other 
blocks sub-sampling (sampling rate is too low). In order to solve this problem, an iterative 
approximation algorithm with upper and lower limit was proposed [29], so that the block’s sub-
sampling and over-sampling does not happen anymore. Suppose an image with N pixels and choose n  
samples of the image. The sampling rate is NnR /= . We divide the image into blocks with sizes BB ×
. The procedure of block-based adaptive sampling based on edge detection [29] is as follows: 

1) Detect the blocks edges by using Roberts Gradient mask. 
2) Calculate each block mean value ( ix ), 

∑
=

=
2

1
2

1 B

j
iji x

B
x                                          (10) 

3) Compute each block variance value ( 2
iδ ),  
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4) Obtain the mean of all blocks variance value ( 2δ ), 
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5) Determine the sampling rate for each block ( ir ), 
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where L  is a coefficient for expanding or reducing, with initial value 1. 
6) Double check the sampling rate to avoid sub-sampling and over-sampling, 
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 here γ  is a constant value which enables us to control the minimum sampling rate. 
7) Update L  

ir
RL =                                                          (15) 

where ir  is the mean of all blocks’ sampling rate ir  . 
8) Repeat steps 5-7 until 001.01 <−L  is satisfied. 

That is, the actual sampling rate of the whole image approximately equals to the set value. The 
procedures of adaptive sampling based on edge detection and recovery in CS framework are shown in 
Fig. 1. 

 

 
Fig. 1 The process of adaptive sampling based on edge detection of each block and recovery in CS framework. 

 

4  Experimental Results 

Our experiments contain two parts. First, we are going to reconstruct three grayscale images using 
three different sparse basis (i.e.  Fourier transform (FT), Discrete Cosine transform (DCT) and Haar 
Wavelet (WT) with two different measurement matrices (Gaussian and noiselets) with four 
reconstruction algorithms (OMP, CoSaMP, Homotopy and PDIP) in basic CS framework without the use 
of blocking images due to their small size, and compare the results both visual and with the use of Peak 
Signal to Noise Ratio (PSNR) [20] image assessment. The input images have the size 6464×  and are 
depicted in Fig. 2. All the experiments are done in a 64 bit OS computer with Intel® core i7, 1.6 GHz 
CPU with 4 GB memory. 

 

 
 

Fig. 2 Test gray images with sizes 6464× . 

The sampling rate for all experiments is set to 5.0=R . The number of iteration for iterative algorithms 
is set to 400. Achieved PSNR for different cases are written in Table 1. 
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Table 1 Comparing the performance of CS recovery algorithms based on PSNR for three test images in Fig.2. 

 

Measurement Matrix, Gaussian 

OMP CoSaMP Homotopy PDIP 

FT DCT WT FT DCT WT FT DCT WT FT DCT WT 

PSNR(db) 

Lena eye 33.39 31.36 30.51 34.35 31.82 29.66 32.48 28.22 27.46 28.95 31.13 33.19 

Shape 29.27 28.47 28.45 28.90 28.06 28.25 33.14 28.02 28.67 29.24 24.56 28.75 

Cameraman 29.46 28.94 29.07 29.72 28.67 28.15 32.94 26.78 27.23 27.97 25.30 30.17 

 

Measurement Matrix, Gaussian 

OMP CoSaMP Homotopy PDIP 

FT DCT WT FT DCT WT FT DCT WT FT DCT WT 

PSNR(db) 

Lena eye 29.00 27.19 37.66 29.00 28.25 29.70 27.33 30.99 29.61 28.42 33.22 37.10 

Shape 29.64 29.07 30.60 29.52 26.54 28.43 32.94 28.79 28.49 29.42 28.55 24.62 

Cameraman 27.58 27.19 33.63 27.69 27.12 28.45 28.98 34.52 27.23 27.48 28.15 34.06 

 
As it is seen in Table 1, the measurement matrix Noiselet has higher PSNR values in Haar wavelet 

sparse domain when we do the recovery with OMP and CoSaMP algorithms than the Gaussian 
measurement which is due to the low coherence of noiselets and Haar wavelet. However for 
Homotopy and PDIP recovery algorithms it depends to the sparsifying basis used to make input image 
signal sparse, and also the measurement matrix used to measure the image. 

As far as having higher PSNR values doesn’t really mean that the recovery is perfect, we have 
provided outputs of Lena eye image in Fig. 3 so that we can also do visual comparison of the 
measurement matrices with different basis and recovery algorithms.  

 

 

Fig. 3 Reconstructed images of Lena eye in Fig. 2  with sizes 6464× . 

According to the experimental results written in Table 1 and shown in Fig. 3, OMP and PDIP 
recovery algorithms outperform other two algorithms in general. Furthermore, for OMP, when the 
noiselets as measurement matrix and Haar wavelet as sparse basis matrix are used, the achieved PSNR 
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in comparison with Gaussian as a measurement matrix and FT, DCT or WT as sparse matrices is 
appropriate. However, using the noiselet is time consuming in contrast with Gaussian. CoSaMP 
recovery algorithm fails to recover images when the noiselets and DCT as measuring and sparse 
matrices are used. In this case, shown in Fig.3 what gives as the output of recovery is only noise like 
shapes. Also we should add that CoSaMP recovery algorithm works better with FT basis than Haar 
basis. Homotopy recovery algorithm fails to recover images exactly with all of the proposed measuring 
and basis matrices. So we do not suggest using this algorithm in CS framework for image recovery. For 
PDIP recovery algorithm, it is seen that noiselet measuring with Haar basis outperforms other cases 
except for the Shape image, based on the PSNR values, but the visual quality of recovered image is 
appropriate.   

In second part of experiments, we are going to use the OMP and PDIP recovery algorithms to 
recover the undersampled GPR image by using noiselet measurement and Haar basis, and compare 
them with other pairs. As the GPR image is big, the block-based method is used. The block sizes are 
16×16 and the constant 1.1=γ . In addition, same as the first part of experiments, for all images, the 
sampling rate is 5.0=R . The raw data and the code to read it is taken from [4]. These data was 
obtained in Caltech Geophysics Field Camp, in Emerson fault and Galway dry lake regions in California, 
on 20-22 March 2014. For more details about the data and camp please refer to [4]. The image of the 
raw data is shown in Fig. 4. 

While GPR images have more complex texture than images used in Fig. 2 so for having more 
powerful image quality assessment in this part we have also used  structural similarity index (SSIM) [5] 
to measure the difference of the reconstructed and original image. Let g  be our original image and ĝ  
be reconstructed image which both of them are complex. The definition of SSIM is given as follows 

 

))((

)2)(2(

2
2

|ˆ|
2

||1
2

|ˆ|
2

||

2|ˆ|||1|ˆ|||

cc

cc
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++++

++
=

σσµµ

σµµ
                 (16) 

 where ||gµ  and |ˆ|gµ  are the average values of amplitude of input and recovered images respectively, 
2

||gσ  and   2
|ˆ|gσ  are the variances and |ˆ||| ggσ  is the covariance of them. Here 1c  and 2c  are constants. 

Table 2 reports the SSIM and PSNR values calculated for this part of experiments.  
 

 

Fig. 4 Original image of GPR raw data. 

As it is seen in Table 2 and also Figs 5 and 6, the OMP recovery outperforms PDIP algorithm. 
Furthermore it is seen that Gaussian measurement has higher PSNR and SSIM values for recovered 
images than noiselet measurement. Even though the noiselet and Haar wavelet pair are maximally 
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incoherent to each other and perform well when the input image is a test image (real valued), but they 
are not suitable for GPR images.  
 

Table 2 Comparing the performance of OMP and PDIP recovery algorithms with different measurement and 
basis matrices for GPR image shown in Fig. 4. 

 
OMP Recovery Algorithm 

Gaussian measurement Noiselet measurement 
FT DCT WT FT DCT WT 

PSNR (dB) 27.03 26.92 25.81 25.70 25.74 24.51 

SSIM 0.70 0.64 0.53 0.15 0.16 0.02 

Time (seconds) 53 37 36 35 36 33 

 
PDIP Recovery Algorithm 

Gaussian measurement Noiselet measurement 
FT DCT WT FT DCT WT 

PSNR (dB) 25.09 26.05 25.19 25.40 24.63 24.87 

SSIM 0.26 0.41 0.31 0.10 0.05 0.08 

Time (seconds) 61 26 25 73 99 90 

 
The reason is that the GPR images are complex valued and when they are undersampled with 

another complex valued matrix (such as noiselet), their phase information are degraded so the 
recovery is not as perfect as should be. The recovery algorithm has also a significant effect on this 
issue. As it is seen PDIP recovery algorithm not only failed to recover the image when noiselet-Haar 
pair was used, but also it had again failed for Gaussian–Fourier case, while OMP algorithm had 
recovered the image in both cases. Moreover, comparing the cost time of image recovery for different 
scenarios written in Table 2, it is seen that our proposed method is very fast and in most cases recovers 
the images less than a minute. Overall, OMP performs faster than PDIP algorithm specially when the 
measurement matrix is noiselet. 

 

 

Fig. 5 Reconstructed images of GPR raw data with OMP recovery algorithm. 
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Fig. 6  Reconstructed images of GPR raw data with PDIP recovery algorithm. 

Conclusion 

Noiselet as a novel sampling matrix is maximally incoherent with Haar basis. Because of this 
property, the performance of OMP for signal recovery is appropriate. For GPR images, due to big size 
data, adaptive block compressed sensing based on edge detection is used. Experimental results carried 
out on both test images and GPR as well. Anyway, using noiselet is time consuming, and because of 
being a complex valued matrix, some recovery algorithm such as MP is failed and also they are not 
suggested to be used for complex valued images such as GPR.  
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