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Abstract 
n this paper, the usage of diffusion adaptive networks is investigated in the spectrum sensing task. 
For this reason we consider the power spectral density of a small cell network which is modeled as 
a linear function of some basis functions. Our intention is to estimate the coefficients of these basis 

functions as accurately as possible. The tests in previous studies has shown that the vector of these 
coefficients is sparse, which means it contains a few non-zero elements and the rest are zero. Therefore, 
sparsity aware algorithms must be used in order to properly estimate this sparse vector. For this task, we 
proposed the cooperative version of the soft parameter function penalized normalized maximum 
correntropy criterion (SPF-NMCC) algorithm with diffusion strategy. Our simulation results showed 
better performances for this algorithm than all the previously proposed diffusion adaptation schemes in 
the sparse spectrum sensing task including diffusion reweighted zero attracting (DRZA-LMS) and 
diffusion l_0-norm algorithms. 
 

Keywords: Adaptive networks, diffusion adaptation, spectrum sensing, correntropy-induced metric, 
small cell networks, least mean mixture norm. soft parameter function penalized normalized maximum 
correntropy criterion (SPF-NMCC).  

 
1. Introduction 

Adaptive sparse signal processing has gathered a lot of attention in the past few years due to the 
vast applications of this topic [1-5]. Sparse signals and systems can be modeled with long impulse 
responses with only a few valuable coefficients and the rest to be zero or close to zero. So far, 
numerous algorithms have been developed to estimate Sparse systems. For example in [1] the zero 
attracting least mean square (ZA-LMS) and reweighted zero attracting LMS (RZA-LMS) algorithms have 
been presented. In [2] the l_0-norm LMS algorithm has been proposed for sparse system identification. 
The authors in [3], [21] and [23] introduced the family of least mean forth (LMF) algorithms to the 
sparse systems. Finally and much recently, an algorithm based on corentropy induced metric with 
least-mean mixture-norm (CIM-LMMN) in [4] and the soft parameter function penalized normalized 
maximum correntropy criterion (SPF-NMCC) algorithm was presented in [5], that had a better 
performance in identifying the sparse systems in comparison to the family of LMF algorithms. All of 
these algorithms (specially the SPF-NMCC algorithm) have excellent performances for estimating 
sparse variables, but none of these algorithms are presented in the cooperative and network form. 
One of the main and important usages of adaptive sparse signal processing is spectrum sensing for 
cognitive radio systems [9-10]. In cognitive radio systems, the primary users only use a part of 
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frequency spectrum and we need to analyze it for finding the gaps and unused parts in order to allocate 
them to the secondary or cognitive users. As we mentioned, at each time instant only certain parts of 
the spectrum are occupied and this forces the nature of the spectrum to be sparse. In other words the 
spectrum of primary users are sparse and by estimating them at each time instant we can find suitable 
places in the spectrum for our secondary users. It is important to mention that sometimes the 
spectrum of primary users shift through the frequency domain and also a primary user might be off at 
a time and turn on seconds later. This means that the spectrum sensing task must be done 
continuously. In newly emerging wireless communication systems, the spectrum estimation task is 
handled by small cell eNode B (SC-eNB) that is a low power base station capable of performing 
spectrum estimation using adaptive algorithms. These base stations work cooperatively and form an 
adaptive network to sense the spectrum. An example of such a network with N adaptive nodes, is 
depicted in Fig. 1. 

 
Figure 1: An example of the diffusion adaptive network 

The network in Fig.1, follows a diffusion topology which means each node in this network can share 
information with 𝒩𝒩𝑘𝑘 neighboring nodes. There are other topologies suggested for adaptive networks 
like the incremental topology [6] and [24].  

Recently the use of diffusion adaptive algorithms has been suggested for sparse system 
identification in [6-8]. Also, the sparse spectrum sensing using diffusion networks has been suggested 
in [9] and [10]. But, in these references only a few sparsity aware algorithms namely 𝑙𝑙0-norm LMS and 
RZA-LMS algorithms have been extended to distributed mode. Also in [8] normalized least mean forth 
algorithm was tested with diffusion strategy. However, as we mentioned in recent years so many other 
promising sparsity aware algorithms have been introduced. By extending these algorithms to the 
distributed mode we can acquire more suitable algorithms for sparse spectrum sensing. We could 
extend tens of sparsity algorithms with diffusion strategy and test them in the spectrum sensing task 
but for the sake of brevity and efficiency, we picked the most powerful and recently proposed sparsity 
aware algorithms and implemented them in the diffusion network for spectrum sensing. 

We believe that the usage of adaptive networks for cognitive radio systems is a promising research 
area, due to the following reason: Adaptive networks involve simple agents that cooperate with one 
another to achieve an emergent, unified estimation for the system as a whole, producing a robust 
system capable of finding high-quality solutions for problems with a large search space. Spectrum [11] 
and channel estimation [24] is two of those tasks that need very precise results in order to improve 
the performance of wireless mobile systems. 

The aim of this paper is to find a suitable algorithm for sparse spectrum sensing which performs 
better than ATC 𝑙𝑙0-norm LMS and ATC RZA-LMS algorithms. The proposed algorithm is the ATC SPF-
NMCC algorithm and we will show in the simulation results that this algorithm outperforms both of 
the previously presented algorithms.   
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The rest of this paper is organized as follows: 

In part II. the spectrum sensing formulation with the sparsity aware diffusion algorithms is 
reviewed. In part III. The application of the proposed SPF-NMCC algorithm in the diffusion spectrum 
sensing task is performed. In part IV the simulation results for estimating a typical PSD are presented. 
And finally in part in V. the concluding remarks and future scope of the paper are given.en. 

Notation: We used boldface letters for vector variables. Also we used the notation 𝔼𝔼[. ] to denote 
expectation operation and notation (. )𝑇𝑇 to denote Transposition for vectors. Furthermore, the 
operator ‖𝑨𝑨‖ denotes the norm of vector 𝑨𝑨. 

 
2. Problem Formulation 

Consider a diffusion adaptive network with 𝑁𝑁 SC-eNB's as in Fig. 2 that is deployed to estimate an 
unknown weight vector 𝒛𝒛𝑜𝑜with 𝑀𝑀 entries [9].  

 
Figure 2: Diffusion network for the spectrum sensing application 

 
We define 𝚽𝚽𝑠𝑠�𝑒𝑒𝑗𝑗𝑗𝑗� as the PSD of the signal transmitted by MBS which is shown with 𝑠𝑠(𝑚𝑚). This 

PSD can be modeled as a linear combination of several basis functions as: 
 
 𝚽𝚽𝑠𝑠�𝑒𝑒𝑗𝑗𝑗𝑗� = ∑ 𝑏𝑏𝑣𝑣�𝑒𝑒𝑗𝑗𝑗𝑗�𝑧𝑧𝑣𝑣𝑜𝑜 = 𝒃𝒃0𝑇𝑇�𝑒𝑒𝑗𝑗𝑗𝑗�𝒛𝒛𝑜𝑜𝓑𝓑

𝑣𝑣=1                (1) 
 
where 𝓑𝓑 is the number of basis functions and 𝒛𝒛𝑜𝑜 = [𝑧𝑧1𝑜𝑜 , … , 𝑧𝑧𝓑𝓑𝑜𝑜]𝑇𝑇 ∈ ℝ𝓑𝓑 is a weighting vector. The 

basis functions vector is given as 𝒃𝒃0𝑇𝑇�𝑒𝑒𝑗𝑗𝑗𝑗� = �𝑏𝑏1�𝑒𝑒𝑗𝑗𝑗𝑗�, … , 𝑏𝑏𝓑𝓑�𝑒𝑒𝑗𝑗𝑗𝑗��
𝑇𝑇

.  
 
By defining 𝐻𝐻𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖� as the channel transfer function between the 𝑘𝑘th SC-eNB and the MBS, the 

PSD received in this SC-eNB is: 
 
𝑰𝑰𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖� = �𝐻𝐻𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖��2𝚽𝚽𝑠𝑠�𝑒𝑒𝑗𝑗𝑗𝑗� + 𝜎𝜎𝑛𝑛,𝑘𝑘

2 = ∑ �𝐻𝐻𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖��2𝑏𝑏𝑣𝑣�𝑒𝑒𝑗𝑗𝑗𝑗�𝑧𝑧𝑣𝑣𝑜𝑜 + 𝜎𝜎𝑛𝑛,𝑘𝑘
2 =ℬ

𝑣𝑣=1
𝒃𝒃𝑘𝑘,𝑖𝑖
𝑇𝑇 �𝑒𝑒𝑗𝑗𝑗𝑗�𝒛𝒛𝑜𝑜 + 𝜎𝜎𝑛𝑛,𝑘𝑘

2             (2) 
 

where 𝜎𝜎𝑛𝑛,𝑘𝑘
2  is the channel noise power and we have 𝒃𝒃𝑘𝑘,𝑖𝑖

𝑇𝑇 �𝑒𝑒𝑗𝑗𝑗𝑗� = ��𝐻𝐻𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖��2𝑏𝑏𝑣𝑣�𝑒𝑒𝑗𝑗𝑗𝑗��𝑣𝑣=1
ℬ

.  

 
We assume that each node has the ability to perform periodogram spectrum estimation process 

and therefore at each time instant 𝑖𝑖 has access to noisy measurements of the true spectrum 𝑰𝑰𝑘𝑘�𝑒𝑒𝑗𝑗𝑗𝑗 , 𝑖𝑖�. 
Our goal is to find the 𝒛𝒛𝑜𝑜 weighting vector using these noisy measurements. By considering channel 
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noise and measurement noise (𝑣𝑣𝑘𝑘
𝑞𝑞(𝑖𝑖)) we have the following linear relation for measurements in each 

SC-eNB at each time instant and frequency 𝑤𝑤𝑞𝑞:  
 
       𝑑𝑑𝑘𝑘

𝑞𝑞(𝑖𝑖) = 𝒃𝒃𝑘𝑘,𝑖𝑖
𝑇𝑇 �𝑒𝑒𝑗𝑗𝑗𝑗𝑞𝑞�𝒛𝒛𝑜𝑜 + 𝜎𝜎𝑛𝑛,𝑘𝑘

2 + 𝑣𝑣𝑘𝑘
𝑞𝑞(𝑖𝑖)              (3) 

 
where 𝑑𝑑𝑘𝑘

𝑞𝑞(𝑖𝑖) is a realization of measurements 𝒅𝒅𝑘𝑘(𝑖𝑖). By neglecting the channel noise, we can write 
this equation more compactly as: 

 
         𝑑𝑑𝑘𝑘,𝑖𝑖 = 𝓑𝓑𝑘𝑘,𝑖𝑖𝒛𝒛𝑜𝑜 + 𝑣𝑣𝑘𝑘,𝑖𝑖                (4) 
 
where 𝓑𝓑𝑘𝑘,𝑖𝑖 = �𝒃𝒃𝑘𝑘,𝑖𝑖

𝑇𝑇 �𝑒𝑒𝑗𝑗𝑗𝑗𝑞𝑞��
𝑞𝑞=1
𝑁𝑁𝑐𝑐 ∈ ℝ𝑁𝑁𝑐𝑐×𝓑𝓑 with 𝑁𝑁𝑐𝑐 > 𝓑𝓑. The aim of the network is to minimize the  

following cost function cooperatively by the measurements of all the nodes: 
 
     𝐽𝐽(𝑧𝑧) = ∑ 𝔼𝔼�𝒅𝒅𝑘𝑘,𝑖𝑖 − 𝓑𝓑𝑘𝑘,𝑖𝑖𝒛𝒛�

2 + 𝛾𝛾𝛾𝛾(𝒛𝒛)𝑁𝑁
𝑘𝑘=1              (5) 

 
where 𝛾𝛾(𝒛𝒛) is a regularization function for considering sparsity and 𝛾𝛾 is a weighting parameter. By 

applying sparsity aware diffusion adaptation algorithms to this problem we can have a cooperative 
solution. Each node can collect and combine the estimations from other nodes and after that perform 
the adaptation process, the name of this strategy is adapt then combine (ATC) cooperation.  

In [9] two different sparsity aware algorithms have been applied to the PSD estimation problem 
with ATC strategy. The overall adaptation sequence is given as: 

 
At each iteration 𝑖𝑖 and each node 𝑘𝑘 repeat: 

 �
𝜓𝜓𝑘𝑘,𝑖𝑖 = 𝑧𝑧𝑘𝑘,𝑖𝑖−1 + 𝜇𝜇𝑘𝑘𝓑𝓑𝑘𝑘,𝑖𝑖

𝑇𝑇 �𝑑𝑑𝑘𝑘,𝑖𝑖 − 𝓑𝓑𝑘𝑘,𝑖𝑖𝒛𝒛𝑘𝑘,𝑖𝑖−1� − 𝜇𝜇𝑘𝑘𝛾𝛾𝛾𝛾𝛾𝛾(𝒛𝒛𝑙𝑙,𝑖𝑖−1) 
𝒛𝒛𝑘𝑘,𝑖𝑖 = ∑ 𝑎𝑎𝑙𝑙,𝑘𝑘𝜓𝜓𝑘𝑘,𝑖𝑖  𝑙𝑙𝑙𝑙𝒩𝒩𝑘𝑘

                 

                   (6) 
 
In this relation we define the error value as 
  𝑒𝑒𝑘𝑘,𝑖𝑖 = �𝑑𝑑𝑘𝑘,𝑖𝑖 − 𝓑𝓑𝑘𝑘,𝑖𝑖𝒛𝒛𝑘𝑘,𝑖𝑖−1�                 (7) 
 
This vector can be used for explaining the application of various sparsity aware adaptive algorithms 

in this task. Here we describe the two algorithms that previously presented in [9]: 
 
A. ATC reweighted zero atracting algorithm 
 If we substitute the last part of equation (6) with the following relation we get reweighted zero 

attracting (RZA) diffusion algorithm (or ATC RZA-LMS): 
 
 ∂𝛾𝛾(𝒛𝒛) = 𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑 � 1

𝜀𝜀+|𝑧𝑧1| , … , 1
𝜀𝜀+|𝑧𝑧𝓑𝓑|

� 𝑠𝑠𝑖𝑖𝑑𝑑𝑠𝑠(𝒛𝒛)             (8)  

 
The non-cooperative version of the RZA-LMS algorithm has been originally proposed in [1] with the 

following equation: 
 
         𝛾𝛾𝛾𝛾(𝒛𝒛) = 𝜀𝜀 𝑠𝑠𝑖𝑖𝑠𝑠𝑛𝑛(𝒛𝒛)

1+𝜀𝜀|𝒛𝒛|                               (9) 

 
It is important to mention that the main parameters of this algorithm are 𝜇𝜇𝑅𝑅𝑅𝑅𝑅𝑅, 𝛾𝛾𝑅𝑅𝑅𝑅𝑅𝑅 and 𝜀𝜀. 
B. ATC 𝑙𝑙0-norm LMS atracting algorithm 
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Likewise, if we substitute the last part of (6) with the following relation, we have 𝑙𝑙0-norm diffusion 
algorithm (or 𝑙𝑙0-norm ATC): 

 
       ∂𝛾𝛾(𝒛𝒛) = 𝛽𝛽.𝑑𝑑𝑖𝑖𝑎𝑎𝑑𝑑�𝑒𝑒−𝛽𝛽|𝑧𝑧1|, … , 𝑒𝑒−𝛽𝛽|𝑧𝑧𝓑𝓑|�𝑠𝑠𝑖𝑖𝑑𝑑𝑠𝑠(𝒛𝒛)             (10) 
 
The non-cooperative version of this algorithm has been given in [2]. The main parameters of this 

algorithm are 𝛾𝛾𝑙𝑙0−𝑛𝑛𝑜𝑜𝑛𝑛𝑛𝑛 and 𝛽𝛽. 

These were the presented algorithms for spectrum sensing task till now, in the next part we apply 
a new algorithm to the diffusion spectrum sensing. 

 
3. Applying the proposed algorithm 

In the previous part, the 𝑙𝑙0-norm LMS and RZA-LMS algorithms were extended to the distributed 
scheme using ATC strategy and applied to the spectrum sensing. Here we apply the ATC version of our 
proposed algorithm to this task. 

The non-cooperative version of soft parameter function penalized normalized maximum 
correntropy criterion (SPF-NMCC) algorithm was proposed in [5].  

𝒘𝒘(𝑖𝑖) = 𝒘𝒘(𝑖𝑖 − 1) + 𝜇𝜇𝑆𝑆𝑆𝑆𝑆𝑆
exp�−𝑒𝑒

2(𝑖𝑖)
2𝜎𝜎2

�𝑒𝑒(𝑖𝑖)𝒙𝒙(𝑖𝑖)

‖𝒙𝒙(𝑖𝑖)‖2
− 𝛾𝛾𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝛽𝛽′ (𝒘𝒘(𝑖𝑖 − 1))     

                    (11) 
 
The normalization operation in this algorithm is performed by dividing the second part with 

‖𝒙𝒙(𝑖𝑖)‖2. Also in this relation we have: 
 
        𝑆𝑆𝛽𝛽′ (𝒘𝒘(𝑖𝑖 − 1)) = (1 + 𝛽𝛽−1)�1 − 𝑒𝑒−𝛽𝛽|𝒘𝒘(𝑖𝑖−1)|�             (12) 
 
Also, 𝜇𝜇𝑆𝑆𝑆𝑆𝑆𝑆, 𝛽𝛽 and 𝛾𝛾𝑆𝑆𝑆𝑆𝑆𝑆  are the algorithm parameters. If we extend this algorithm using ATC strategy 

and apply it to the spectrum sensing, the weight update equation of this algorithm can be given as: 
At each iteration 𝑖𝑖 and each node 𝑘𝑘 repeat:  

𝝍𝝍𝑘𝑘,𝑖𝑖 = 𝒛𝒛𝑘𝑘,𝑖𝑖−1 + 𝜇𝜇𝑘𝑘−𝑆𝑆𝑆𝑆𝑆𝑆
exp�−

𝑒𝑒𝑘𝑘,𝑖𝑖
2

2𝜎𝜎2
�𝑒𝑒𝑘𝑘,𝑖𝑖𝓑𝓑𝑘𝑘,𝑖𝑖

𝑇𝑇

�𝓑𝓑𝑘𝑘,𝑖𝑖
𝑇𝑇 �

2 �𝑑𝑑𝑘𝑘,𝑖𝑖 − 𝓑𝓑𝑘𝑘,𝑖𝑖𝒛𝒛𝑙𝑙,𝑖𝑖−1� − 𝛾𝛾𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝛽𝛽′ �𝒛𝒛𝑘𝑘,𝑖𝑖−1�             

                  (13) 
 
This part is the adaptation process of the ATC strategy, for the combination procedure we have:

  
      𝒛𝒛𝑘𝑘,𝑖𝑖 = ∑ 𝑎𝑎𝑙𝑙,𝑘𝑘𝝍𝝍𝑙𝑙,𝑖𝑖𝑙𝑙𝑙𝑙𝑁𝑁𝑘𝑘              (14) 
 
Now we are ready to give our simulation results using these sparsity aware diffusion algorithms. 

 

4. Simulation results 
To run our simulations we consider a network with 10 connected SC-eNB's (𝑁𝑁 = 10) as in Fig. 2. As 

we mentioned in part II, the channel noise is neglected and only the measurement noise is considered 
with the variance of 0.001. Overall, 4 algorithms are tested in the simulations, 1) the ATC diffusion 
algorithm which is not sparsity aware, 2) the ATC 𝑙𝑙0-norm LMS algorithm, 3) the ATC RZA-LMS 
algorithm and finally, 4) the proposed ATC SPF-NMCC algorithm.  
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For the ATC 𝑙𝑙0-norm LMS algorithm consider the 𝛾𝛾 = 2.2 × 10−3 and 𝛽𝛽 = 50. For the ATC RZA-LMS 
algorithm we adjusted the values as 𝜇𝜇𝑅𝑅𝑇𝑇𝐴𝐴−𝑅𝑅𝑅𝑅𝑅𝑅 = 0.013 = 𝜇𝜇𝑅𝑅𝑇𝑇𝐴𝐴 𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑠𝑠𝑖𝑖𝑜𝑜𝑛𝑛 = 𝜇𝜇𝑅𝑅𝑇𝑇𝐴𝐴 𝑙𝑙0−𝐿𝐿𝐿𝐿𝑆𝑆 , 𝛾𝛾 = 0.48 
and 𝜀𝜀 = 5. Finally, for the ATC version of SPF-NMCC algorithm the parameters are 𝜇𝜇𝑆𝑆𝑆𝑆𝑆𝑆 = 0.3, 𝛾𝛾𝑆𝑆𝑆𝑆𝑆𝑆 =
2.5 × 10−5, 𝜎𝜎 = 1000 and 𝛽𝛽 = 6. 

For presenting our simulation results first we consider estimating a typical spectrum which is shown 
in Fig. 3: 

 
Figure 3: Diffusion network for the spectrum sensing application 

 
The power of the true spectrum which is sparse is normalized to 1. Also only some parts of the 

spectrum are considered to be occupied following the scenario in cognitive radio systems.  

As it can be seen in Fig. 3, the wrongly estimated spectrum levels are very low for the ATC RZA-LMS 
and ATC SPF-NMCC algorithms, but the second algorithm estimates the true spectrum more 
accurately. 

Next we compare the performance results with the steady state mean square deviation (MSD) 
criterion which shows the distance between true basis function coefficients and the estimated 
coefficients after convergence. The average MSD for this paper is defined as follows: 

 
          𝑀𝑀𝑆𝑆𝑀𝑀 = lim

𝑖𝑖→∞
𝔼𝔼∑ �𝒛𝒛𝑘𝑘,𝑖𝑖 − 𝒛𝒛𝑜𝑜�2/𝑁𝑁𝑁𝑁

𝑘𝑘=1             (15) 
 
This criteria helps us to expect the level of error in our estimation tasks. In order to obtain the MSD 

levels of the proposed algorithms we run another simulation using the same parameters in the 
previous simulation and presented the results for all the mentioned algorithms in Fig. 4.  
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Figure 4: Performance of ATC diffusion algorithms in sparse spectrum sensing. 

 
As we can see in Fig. 4, the proposed ATC SPF-NMCC algorithm outperforms all other tested sparsity 

aware algorithms both in convergence speed and the estimation error.   
 

Conclusion and future scope 

In this paper, the performance of some sparsity-aware diffusion algorithms were tested on the spectrum sensing 
of small cell SC-eNB networks. As we showed the coefficient vector of this power spectral density (PSD) presents 
the sparsity feature and needs to be tracked in real time, because of the variations in its sparsity. The tested 
algorithms in this paper for spectrum sensing are fully distributed and can handle the sparsity cooperatively. Our 
simulation results showed that the ATC RZA-LMS algorithm is better than ATC 𝑙𝑙0-norm LMS algorithm for 
spectrum sensing and the proposed ATC SPF-NMCC algorithm works better than both of these algorithms. In 
future works we will test other sparsity aware algorithms in the distributed PSD estimation task. Also, the proposed 
ATC SPF-NMCC algorithm can be used in other sparse system identification tasks like channel estimation 
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