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Abstract 

undle adjustment Algorithm is an optimization technique which shows potential to improve the 

reconstruction of three-dimensional scene starting with multiple two-dimensional 

representation of different parts of the same scene. Since the objects of interest in the world are 

usually a set of points, this paper presents performance evaluation of bundle adjustment algorithm in the 

construction of three-dimensional scene from randomly generated two-dimensional points. This is in 

contrast to the ego-motion techniques used in the generation of a cloud of three-dimensional points in 

the study of structure and motion. 
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1. Introduction 

Structure and motion (SAM) recovery as evidenced by its application in movie production, 
architecture design and advertisement, is an exceptional problem. It involves the use of two or three 
view epipolar constraints [1], in the algebraic initialization of the projective structure and motion. The 
projective reconstruction is further enhanced to a metric one by some self-calibration techniques [2]. 
Bundle adjustment (BA) algorithm is widely employed in the optimization of the solution obtained 
through these techniques [3, 4]. BA algorithm is a computational technique in which the geometry of 
the scene, camera intrinsic parameters, positions and orientation are solved based on a database of 
features automatically extracted from a set of multiple overlapping images [5]. These images must 
capture full three-dimensional (3D) structure of the scene viewed from a wide array of positions. The 
analysis and generation of point cloud which is sufficiently representative of objects in 3D scenes and 
the corresponding numerical simulations is an interesting and challenging problem in 3D 
reconstruction. In the work of [6], in which five simple cues are motivated to model specific patterns 
of motion and structure, a cloud of 3D points are automatically generated from video sequences using 
ego-motion techniques. The contribution of this paper, from a practical point of view, is to evaluate 
the performance of BA in the reconstruction of 3D scene from multiple randomly generated two-
dimensional (2D) points. The paper is organized as follows: In Section 2, BA is described. Section 3 
presents the concept of synthetic scene. The obtained results are presented in Section 4. The 
conclusion of this work is drawn in Section 5.  
 

2. Bundle Adjustment Problem Formulation 

A camera can be modeled in several different ways. Affine and orthographic projections are 

sometimes useful for distant cameras, and more exotic models such as push-broom and rational 
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polynomial cameras are needed for certain applications [3]. Other camera models can be derived from 

it. But in addition to pose (position and orientation), and simple internal parameters such as focal 

length and principal point, real cameras also require various types of additional parameters to model 

internal aberrations such as radial distortion. However, perspective projection, [7], is the most 

prominent. 

Perspective projection is the linear mapping between the extended coordinates of any world point 

M and its corresponding image point m such that collinearity property exists between M, m, and C 

(center of projection). This can be expressed as 

                                                                                  Λ𝑚 = 𝑄𝑀 = 𝑃                                                              (1) 

where M is 4 × 1 vector and m is 3 × 1 vector. Λ is an arbitrary scale factor. Q is a 3 × 4vector referred 

to as the projection matrix. Therefore, in reality, an object or structure consists of several M points 

and image of such an object or structure will consist of a corresponding number of m points. An 

important characteristic which can be exhibited by a perspective camera is for the first three left 

columns of M to be non-singular. It therefore means Q can be further decomposed such that                                                                                                                                                                                                                                                                                                      

                                                                                                                          (2) 

K is a 3 × 3 upper triangular matrix. It is called camera or calibration matrix of the camera. It 

comprises of the optical properties of the camera namely: Focal length, principal point and aspect 

ratio. R is an orthogonal 3 × 3 matrix and t a 3 × 1 vector. R and t are collectively referred to as the 

camera’s extrinsic orientation and correspond, respectively, to the rotation and translation that make 

up the rigid transformation from the world to the camera coordinate frame [4]. The coordinate system 

C attached to the camera is related to the world coordinate system through a rotation 𝑅 followed by 

a translation 𝑡. 

For a multi-view setting, consider having Mj scene points captured by several cameras described by 

Qi. Assuming the projection of Mj point due to Qi camera is mi
j. Starting from multi-view image samples, 

multi-view 3D reconstruction involves the determination of Mj and Qi such that (3) is satisfied as 

expressed in (3)                                                                                                                                                                             

                                                                                                                                             (3) 

A significant challenge in SBA is that (3) is not exactly satisfied. 𝑚𝑖𝑗  has inherent noise superimposed 

during the measurement process. Therefore, for every image point , a predictive model Λ𝑚𝑗
𝑖 =

𝑚(𝑄𝑖, 𝑀𝑗), is required such that 

                                                         

                                                                                                                   (4)                                                          

                                 (5) 

Equation (4) is referred to as re-projection error. Hence the problem of scene reconstruction and 

camera parameter estimation boils down to the minimization of the re-projection error between the 

image locations of observed and predicted image points, which is expressed as the sum of squares of 

a large number of nonlinear, real-valued functions. The objective function for the minimization 
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problem defined in the context of bundle adjustment is expressed in (5), where c is the number of 

scene points and d is the number of cameras. Vij is a visibility weight which equals 1 if a scene point j 

can be seen in camera i, otherwise it equals 0. If the unexpected variation in pixel coordinates is 

modeled as Gaussian noise with zero mean, then (5) becomes a statistical nonlinear model. Using the 

condition of linear independence of the columns of Qi, (5) can be expressed as a set of linear equations 

as in (6).                                           

                                                                                                                   (6) 

The parameters of (6) can be estimated using least-squares algorithm like Levenberg-Marquardt 
(LMA) [8]. However, for a large set of object points and camera parameters which, constitute the 
unknown contributing to the minimized re-projection error, the system represented by (6) becomes 
overdetermined. The computational cost will then have cubic complexity [9]. Therefore, a specialized 
LMA known as SBA is required in order to seek a minimal solution. 

 

3. Synthetic Scene 

Here, Here, synthetic scene implies using a set of randomly generated points to represent a scene. 
This idea emanates from the fact that any worldly object or structure is comprised of a set of points. 
With regards to this work, 3D reconstruction can be defined as the problem of using 2D measurements 
arising from a set of randomly generated points, depicting the same scene from different viewpoints, 
aiming to derive information related to the 3D scene geometry as well as the relative motion and the 
optical characteristics of the camera(s) employed to acquire these images. 

To demonstrate the idea of scene reconstruction, three fundamental steps are outlined. 1) These 
are creation of scene points and camera pose, 2) superposition of error on the scene and pose data, 3) 
and data recovery through bundle adjustment technique. 

The implementation of the first step starts with the assumption of a certain number of cameras of 

known intrinsic parameters and image resolution. The poses of the assumed cameras are generated in 

Matlab based on normally distributed pseudorandom numbers. Mersenne twister (default), 

Multiplicative congruential generator, Multiplicative lagged Fibonacci generator, Multiplicative lagged 

Fibonacci generator, Shift-register generator summed with linear congruential generator, and 

Modified subtract with borrow generator are the random number generators available in Matlab. 

Mersenne twister has been used in this work. 

Mersenne Twister provides a super astronomical period of 219937 − 1 and 623-dimensional equi-

distribution up to 32-bit accuracy, while using a working area of only 624 words [10]. This is a new 

variant of the previously proposed generators, Twisted Generalized Feedback Shift Register (TGFSR), 

modified so as to admit a Mersenne-prime period. Two new ideas have been added to the existing 

twisted Generalized Feedback Shift Register (GFSR). One is the realization of Mersenne-prime period 

using incomplete array. Second, the primitivity of the characteristic polynomial of a linear recurrence 

can be tested with a fast algorithm. This is called the inversive-decimation method. The characteristic 

polynomial has many terms. 

450 2D Normally Distributed Pseudorandom Pixels Locations (NDPPL) with corresponding depths 

are generated on the image plane of the reference camera. 450 is the expected maximum number of 

features to be tracked on each frame of 640 × 480 resolution. Using the chosen reference camera (first 

camera), the pixel locations are re-projected so as to determine the 3D points. Only pixel locations 

with positive depth are re-projected and registered in the Number of scene points × number of 

cameras, visibility map. The generated 3D points are tested to see if they can be seen in the second 
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camera. Since the number of pixels seen by the second camera is less than the maximum expected, 

another set of NDPPL is generated based on the difference between the maximum expected to be 

tracked and number already tracked. The new set of NDPPL is again tested for positivity of depth and 

the pixels with positive depth are re-projected in order to generate their corresponding 3D points. This 

process is repeated until all the cameras have been considered. The total number of 3D points 

generated through re-projection of pixel locations in the process just described constitute the scene 

points. This is a reliable method which is widely used and also documented in literature. 

Next, the scene points, camera pose, camera matrix, and pixel locations are corrupted with 

Normally Distributed Pseudorandom Error (NDPE). A statistical error is usually given by the standard 

deviation ρ, equal to the square root of variance (expectation value of the square of the difference to 

the mean). 

                                                                𝜎2 = ∫ (𝑥 − 𝜇)2𝑓
+∞

−∞
(𝑥)𝑑𝑥                                     (7) 

where x is a measure of data. μ is the mean of the data set. 

In the third step, an attempt is then made to recover scene points and cam- era parameters using 
the bundle adjustment. In the ordinary bundle adjustment, advantage is not taken of the existence 
sparsity. The implementation of ordinary bundle adjustment involves error minimization by way of 
optimization of parameters purely performed based on Matlab coding. 

 

4. Experimental Result 

A simulated A simulated experiment based on the earlier mentioned steps in section 3 was 

conducted in Matlab environment. A set of scene points is created as shown in Figure 1 (a). The points 

are represented with a circle in red, blue, and yellow colors with respect to some cameras symbolically 

represented with triangles. Fifty cameras of known calibration were used to capture these scene points 

from different observation points. Each frame has a resolution of 640 × 480. In order to demonstrate 

the concept of scene reconstruction, the coordinates of the scene point, camera calibration matrix, 

rotation and translation were corrupted with some randomly generated error. Bundle adjustment was 

then used to reconstruct the scene points and camera parameters (intrinsic and extrinsic). Figure 1 (d) 

provides information regarding the number of scene points that is captured in each camera frame. 

The motion of the cameras from one point to another usually comprises of rotation and translation. 

Therefore, Figure 2 and 3 present the recovered rotation and translation of the cameras. Rotation is 

about the x, y and z axis. Translation of the camera is in the x, y, and z directions. The recovered intrinsic 

camera parameters are presented in Figure 4. The intrinsic parameters appear as straight lines since 

they have the same values for all the cameras (cameras of the same model). 
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                                                                                                      (a) 

    

                                                                                                         (b) 

   

 

                                                                                                     (c) 
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       (d) 

Figure 1: Demonstration of bundle adjustment. (a) shows a set of points representing a synthetic scene. (b) 
presents the corrupted scene. (c) shows the reconstructed scene. (d) shows the number of scene points captured 
by each camera. 

      The motion of the cameras from one point to another usually comprises of rotation and translation. 
Therefore, Figure 2 and 3 present the recovered rotation and translation of the cameras. Rotation is 
about the x, y and z axis. Translation of the camera is in the x, y, and z directions. The recovered intrinsic 
camera parameters are presented in Figure 4. The intrinsic parameters appear as straight lines since 
they have the same values for all the cameras (cameras of the same model).  

 

          (a) 
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          (b) 

 

         (c) 

Figure 2: Demonstration of bundle adjustment. In this figure is shown the camera rotation about x, y, and z axis: 
(a) ground-truth rotation, (b) camera rotation required to cope with the corrupted of scene, (c) computed camera 
rotation error.  

 

       (a) 
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       (b) 

 

       (c) 

Figure 3: Demonstration of bundle adjustment. camera translation is presented: (a) camera ground-truth 
translation, (b) translation as a result of corruption of scene, and (c) translation error. 

 

       (a) 
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       (b) 

 

       (c) 

Figure 4: Demonstration of bundle adjustment. camera calibration matrix: (a) ground-truth calibration matrix, 
(b) calibration matrix as a result of corruption of scene, (c) calibration matrix error. A straight line plot means the 
intrinsic parameters are the same for all the cameras used. 

Conclusion 

This work presents a complete process of 3D reconstruction from a set of 2D synthetic scenes and 
computation of camera parameters primarily through BA. A preview of the complexity of the task of 
3D reconstruction has been highlighted and the widely used tool (BA) to achieve accurate scene 
reconstruction has been described. Promising results in the simulation include recovery camera pose 
and intrinsic parameters. Information about camera tracks have equally been obtained. 
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